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Outline

Brief introduction to group theory concepts:
Group = Conjugacy Classes = Group Representation
= Character = Irreducible Representations

Crystallographic Point Groups:
= SC order parameter classification [Sigrist-Ueda]
= Conventional/unconventional
= Nematic/Chiral

Beyond the Sigrist-Ueda Classification:
= Multiple internal DOFs (orbitals/layers/sublattices)
= Nonsymmorphic symmetries



Introduction to Group Theory
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What is a group?



What is a group?




Group

Additive Group of the Integers

Example A: The integer numbers (...-2,-1,0,1,2,...) with the operation of addition (+)

is called the additive group of the integers. The requirements above hold:

1. The composition law (here addition) of any two elements is a member of the group:
141=2,24+7=9,(-5)+3=(-2), (-1)+ (-3) = (—4),...

2. The composition is associative:
145+(-3)=(1+5)+(-3)=6+(-3)=3
1454 (-3)=14+H+(-3)|=14+2=3

3. There exists a unique identity element £ = 0:

1+40=1,340=3, (-5) +0=(-5),...

4. Every element has a unique inverse (the element with opposite sign):

1+(-1)=0,(-3)+3=0,...
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Group

Additive Group of the Integers

Example A: The integer numbers (...-2,-1,0,1,2,...) with the operation of addition (+)

is called the additive group of the integers. The requirements above hold:

1. The composition law (here addition) of any two elements is a member of the group:
141=2,24+7=9,(-5)+3=(-2), (-1)+ (-3) = (—4),...

2. The composition is associative:
145+(-3)=(1+5)+(-3)=6+(-3)=3
1454 (-3)=14+H+(-3)|=14+2=3

3. There exists a unique identity element £ = 0:

1+40=1,3+0=3, (-5) +0=(-5),...

4. Every element has a unique inverse (the element with opposite sign):

1+(-1)=0,(-3)+3=0,...

Order of the group: number of elements in the group
[The additive group of the integers is infinite]



Group

Group of Symmetries of the Equilateral Triangle

Example B: The group of transformations of the equilateral triangle. The group is
composed of the identity, rotations by 120° (R;) and 240° (R;) around the axis passing
through the center of the triangle (coming out of the page), and reflections at three different
mirror planes which pass though the center and the triangle’s edges: M; with 2 = 1,2, 3, as

indicated in Fig. 1. A M

1200/240¢° rotation




Group

Group of Symmetries of the Equilateral Triangle

Example B: The group of transformations of the equilateral triangle. The group is
composed of the identity, rotations by 120° (R;) and 240° (R;) around the axis passing
through the center of the triangle (coming out of the page), and reflections at three different
mirror planes which pass though the center and the triangle’s edges: M; with 2 = 1,2, 3, as

indicated in Fig. 1. A M

1200/240¢° rotation

six operations in the group: F, Ry, Ry, M1, My, Mj.

Order of the group: number of elements in the group
[The group of symmetries of the equilateral triangle has order 6]



Group

Group of Symmetries of the Equilateral Triangle

1. The “product” (here the composition) of any two elements is a member of the group

Convention: Apply first the right most operation.

For the rotations:

Ri.Ry = R,

Ri.Ry=F -
Ry.Ry=F 1200/240° rotation
Ry.Ry = Ry

rotations by 120° (R;) and 240° (R2)

Convention: Clockwise rotations



Group

Group of Symmetries of the Equilateral Triangle

1. The “product” (here the composition) of any two elements is a member of the group

Convention: Apply first the right most operation.

For the mirror operations [
M. M. — FEiloris— 1.2 5
M,.M, = R,
Msy.M; = Ry
M Ma

AAA AN
A-NA AN

(you can check the remaining combinations)



Group

Group of Symmetries of the Equilateral Triangle

1. The “product” (here the composition) of any two elements is a member of the group

(note that the right most operation is the one to be applied first):

Mixing rotations and mirror operations

Rl.Ml — M2

Ml.Rl — M3

1200/240¢° rotation

A=A A AN
A-AA AN

(you can check the remaining combinations)




Group

Group of Symmetries of the Equilateral Triangle

1. The product of any two elements is a member of the group:

if Aand B € G, then A.B € G;

There is a total of 36 pairs of operations to be checked. You can check that all

combinations result in one of the six operations in the group: F, Ry, Ry, My, My, Ms.

Multiplication Table E |Ry|Rz|M; M2 Ms

. E | E |Ry|Ry| M| My | Ms

1200/240° rotation M]_ M 1 M 3 M 2 E R2 R]_
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Group

Group of Symmetries of the Equilateral Triangle

Multiplication Table

Al\/l1

1200/240° rotation R2 Rz E R]_ M 3 M 1

2. The product is associative: Ms | Mo |Mi|Ms| R | E

A(B.C)=(A.B).C forall A,B,C € G; Ms | Ms| My | M| Rs | Ry

3. There exists a unique identity element E:

EA=AFE=Aforall AecG;

4. Every element has a unique inverse:

given A € G, there exists an element A~! such that AA1=A"1A=F.




Group

Group of Symmetries of the Equilateral Triangle

Multiplication Table

Al\/l1

1200/240° rotation R2 R2 E Rl M 3 M 1

Homework!

2. The product is associative: Mo | My M| M3| Ry | E

A(B.C)=(A.B).C forall A,B,C € G; Ms | Ms| My | M| Rs | Ry

3. There exists a unique identity element E:

FA=AF=Aforall Ae€G;

4. Every element has a unique inverse:

given A € G, there exists an element A~! such that AA1=A"1A=F.
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Group of Symmetries of the Equilateral Triangle

Multiplication Table

Al\/l1

1200/240° rotation R2 R2 E Rl M 3 M 1

Homework!

2. The product is associative: Mo | My M| M3| Ry | E

A(B.C)=(A.B).C forall A,B,C € G; Ms | Ms| My | M| Rs | Ry

3. There exists a unique identity element E:

FA=AF=Aforall Ae€G;

4. Every element has a unique inverse:

given A € G, there exists an element A~! such that AA1=A"1A=F.




Group

Group of Symmetries of the Equilateral Triangle

Multiplication Table

Al\/l1

1200/240° rotation R2 Rz E R]_ M 3 M 1

Homework!

2. The product is associative: Ms | Mo |Mi|M3| R, | E

A(B.C)=(A.B).C forall A,B,C € G; Ms | Ms| My | M| Rs | Ry

3. There exists a unique identity element E:

EA=AE=Aforal A€ G; Csyv point group

isomorphic to S
4. Every element has a unique inverse: [ P 3]

given A € G, there exists an element A~! such that AA1=A"1A=F.
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Conjugate Elements




Group

Conjugate Elements

b My
M2 Ms

Conjugate Elements: Two elements G; and G, are said to be conjugate if

there exists an element G in G such that G; = GGG~ *;

Group of Symmetries of the Equilateral triangle
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Conjugate Elements

b My
M2 Ms

Conjugate Elements: Two elements G; and GG, are said to be conjugate if

there exists an element G in G such that G; = GGG~ *;

Group of Symmetries of the Equilateral triangle

) Identity: GEG'=GG ' E=E E R;|R2|M; M2 M3

E is not conjugate to any other element




Group

Conjugate Elements

b My
M2 Ms

Conjugate Elements: Two elements G; and G, are said to be conjugate if

there exists an element G in G such that G; = GGG~ *;

Group of Symmetries of the Equilateral triangle

) Identity: GEG'=GG ' E=E E R;|R2|M; M2 M3

E is not conjugate to any other element

Il) Rotations: M;.Ri.M; ' = M;.RiM; = R, Ry |Ry| E | Ry | Ms| M| M,

Rotations are conjugate to each other




Group

Conjugate Elements

b My
M2 Ms

Conjugate Elements: Two elements G; and G, are said to be conjugate if

there exists an element G in G such that G; = GGG~ *;

Group of Symmetries of the Equilateral triangle

) Identity: GEG'=GG ' E=E E R;|R2|M; M2 M3

E is not conjugate to any other element

Il) Rotations: M;.Ri.M; ' = M;.RiM; = R, Ry |Ry| E | Ry | Ms| M| M,

Rotations are conjugate to each other

Ill) Reflections: R,.M,.R{'= R,.M,.R, = M, M3 | M| Ma|My| Ry | Ry | E
O e 3 R

Reflections are conjugate among themselves



Group = Conjugacy Classes

Conjugacy Classes




Group = Conjugacy Classes

Conjugacy Classes

Order of an element: the number
of times the element needs to be
applied to be equal to the identity.



Group = Conjugacy Classes

Conjugacy Classes

G)N=(G.G,.GYW=(G.G,.GH.(G.G,.GH.(G.G,.G™H...(G.G,.G™)
G)V=1=>G.GH)".GH=1=>G)'=1

Order of an element: the number
of times the element needs to be
applied to be equal to the identity.
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Conjugacy Classes

G)N=(G.G,.GYW=(G.G,.GH.(G.G,.GH.(G.G,.G™H...(G.G,.G™)
G)V=1=>G.GH)".GH=1=>G)'=1

Order of an element: the number
of times the element needs to be
applied to be equal to the identity.



Group = Conjugacy Classes

Conjugacy Classes

G)N=(G.G,.GYW=(G.G,.GH.(G.G,.GH.(G.G,.G™H...(G.G,.G™)
G)V=1=>G.GH)".GH=1=>G)'=1

C1={E}

Order of an element: the number
Cy = {Ry, Ro} of times the element needs to be

applied to be equal to the identity.
03 = {Mh M27 M3}



Group = Conjugacy Classes

Conjugacy Classes

G)N=(G.G,.GYW=(G.G,.GH.(G.G,.GH.(G.G,.G™H...(G.G,.G™)
G)V=1=>G.GH)".GH=1=>G)'=1

C, = {E} 1 element/order 1

Order of an element: the number
Cy = {Ry, Ro} 2 elements/order 3 of times the element needs to be

applied to be equal to the identity.

C3 = {My, Ma, M3} 3 elements/order 2



Group = Conjugacy Classes

Conjugacy Classes

G)N=(G.G,.GYW=(G.G,.GH.(G.G,.GH.(G.G,.G™H...(G.G,.G™)
G)V=1=>G.GH)".GH=1=>G)'=1

C, = {E} 1 element/order 1

Order of an element: the number
Cy = {Ry, Ro} 2 elements/order 3 of times the element needs to be
applied to be equal to the identity.

C3 = {My, Ma, M3} 3 elements/order 2
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Group Representation
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Group Representation

Definition: A representation of a group G is a mapping D of the elements of G
onto a set of linear operators (or matrices) with the following properties:

(i) D(F) = 1, where 1 is the identity operator in the space on which the linear
operator acts.

(ii) D(G1)D(G3) = D(G1G3), meaning that the group multiplication law is pre-

served under the mapping.

Trivial representation:
associate the identity matrix (number one) to all elements of the group



Group = Conjugacy Classes = Group Representation

Group Representation

Definition: A representation of a group G is a mapping D of the elements of G
onto a set of linear operators (or matrices) with the following properties:

(i) D(F) = 1, where 1 is the identity operator in the space on which the linear
operator acts.

(ii) D(G1)D(G3) = D(G1G3), meaning that the group multiplication law is pre-

served under the mapping.

Trivial representation:
associate the identity matrix (number one) to all elements of the group

E |R;|Ra|M; Mz M; 1/1(1]1]1]1
E | E |Ri|Ry| My | My | My 10 in i
Ri|Ri|Re| E | My | M| M, (i R
Rz |Ry| E | Ry |Ms| My | M, —> L
M| Mi|M;|Ms| E | Ry | Ry Ll
M| Ma|M;|Ms| Ry | E | Ry 1|1(1|1]1]1]1
Ms| M| M| Mi| Ry | Ri | E 1/1(1]1]1]1]1




Group = Conjugacy Classes = Group Representation

Group Representation

Definition: A representation of a group G is a mapping D of the elements of G
onto a set of linear operators (or matrices) with the following properties:

(i) D(F) = 1, where 1 is the identity operator in the space on which the linear
operator acts.

(ii) D(G1)D(G3) = D(G1G3), meaning that the group multiplication law is pre-

served under the mapping.

Trivial representation:
associate the identity matrix (number one) to all elements of the group

E |R; [R2|M; My | M3 1/1|11|1|1
E | E |Ry|Ry| M| My | Ms 1(1(1]11]1|1
Ri|Ri|Rs| E | My | Ms| M 1(1]1]1|1[1]1
Rz |Ry| E | Ry |Ms| My | M, —> L
M |M;|M3|\Mz| E | Ry | Ry 1 E[LTL 1]
N Sl Ok, but what about non-
Ms| M| M| My| R | B | E 111j1]1]1]1]1 trivial representations?




Group = Conjugacy Classes = Group Representation

Group Representation

Group of Symmetries of the Equilateral triangle

Thinking of transformations acting on the coordinates (x,y,z):

Y [ —1/2 +v3/2 0)
Ri=|—-v3/2 —-1/2 0

\ 0 0 1)
x 0

M, = 0 10

\o 01)




Group = Conjugacy Classes = Group Representation

Group Representation

Group of Symmetries of the Equilateral triangle L v

Thinking of transformations acting on the coordinates (x,y,z):

Y [ —1/2 +v3/2 0)
Ri=.|-v3/2 -1/2 0

\ . i 1) Ry |Ry| E |Ry | M3 | M| M,

(_1 . 0\ Miq | M |M3\Msy| E | Ry | Ry

M, = 0 10

\0 01)

You can check if matrices reproduce
the structure of the group



Group = Conjugacy Classes = Group Representation

Group Representation

Group of Symmetries of the Equilateral triangle L v

Thinking of transformations acting on the coordinates (x,y,z):

Y ([ ~1/2 +v3/2 0)
Ri=.|-v3/2 -1/2 0

\ 0 0 1)
Ro |Rs| E |Ry| M3 | My | My
M |M;|Ms|Ms| E | Ry | Ry
X (—100)
Mo | My | M| Ms| Ry | E | Ry
M, = 0 160
Mg |Ms|My|Mi| Ry | Ry | E

\0 01)

You can check if matrices reproduce
the structure of the group

Dimension of the representation: the dimension of the space on which it acts



Group = Conjugacy Classes = Group Representation

Group Representation

Group of Symmetries of the Equilateral triangle L v

Thinking of transformations acting on the coordinates (x,y,z):

Y ([ ~1/2 +v3/2 0)
Ri=.|-v3/2 -1/2 0

\ . i 1) Ry |Ry| E |Ry | M3 | M| M,

y (_1 . 0\ Miq | M |M3\Msy| E | Ry | Ry

M, = 0 10

\0 01)

You can check if matrices reproduce
the structure of the group

Dimension of the representation: the dimension of the space on which it acts

Generators of the group: the minimal set of operations out of
which the entire group can be derived [not unique]
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Group Representation

Group of Symmetries of the Equilateral triangle -

Thinking of transformations acting on the coordinates (x,y,z):

/—1/2 +4/3/2 0) [—1 0lo)
= | A Mi=]0 10
e v \ 0 0|1/

Note: The z-component never mix with the x- and y-components. This
means we can divide the space in {x,y} and {z} and treat them
iIndependently. In this case we say the representation is reducible.




Group = Conjugacy Classes = Group Representation

Group Representation

Group of Symmetries of the Equilateral triangle -

Thinking of transformations acting on the coordinates (x,y,z):

( il L8 0\ f 0 0\
R, = | 2R=ON ( My=1]110 1[0
\ 0 0 1 / \ 0 0]1 /
Two-dimensional One-dimensional
irreducible representation irreducible representation
Dy(Ry) = ( — B +\/§/2)
—v3/2 —-1/2 IBLUE ) —
(_1 o) Dy(My) =1
Di(M) =
g

[Trivial representation]




Group = Conjugacy Classes = Group Representation

Group Representation

Group of Symmetries of the Equilateral triangle -
Two-dimensional One-dimensional [trivial]
irreducible representation irreducible representation
ol —1/2 ++/3/2
—/3/2 —1/2 10U = it
(_1 0) Dy(My) =1
D:(M;) =
g 1

Question: How can we know that we have
identified all the representations?




Group = Conjugacy Classes = Group Representation = Character

Character




Group = Conjugacy Classes = Group Representation = Character

Character

Character: The characters of a group representation D are the traces of the
respective linear operators (matrices) xp(G;) = TrD(G;). The trace of a matrix

is the sum of its diagonal elements.

Conjugate elements have the same character: G.G1.G™' = G,

X(G2) = x(G.G1.G™) = x(G™.G.G1) = x(G1)
[cyclic property of the trace]



Group = Conjugacy Classes = Group Representation = Character

Character

Character: The characters of a group representation D are the traces of the
respective linear operators (matrices) xp(G;) = TrD(G;). The trace of a matrix

is the sum of its diagonal elements.

Conjugate elements have the same character: G.G1.G™' = G,

X(G2) = x(G.G1.G™) = x(G™.G.G1) = x(G1)
[cyclic property of the trace]

Ci1 ={E}|Cy = {R1,R2}|C3 = {M1, M2, M3}

Trivial irrep 1 1 1
Non-trivial irrep 2 -1 0
—1/2 ++/3/2
D) = (_\/5/2 _1/2) D2(R1) =

Dy(M;) = (‘01 (1’) D) = 1



Group = Conjugacy Classes = Group Representation = Character

Character

Character: The characters of a group representation D are the traces of the
respective linear operators (matrices) xp(G;) = TrD(G;). The trace of a matrix

is the sum of its diagonal elements.

Conjugate elements have the same character: G.G1.G™ = G,

X(G2) = x(G.G1.G™) = x(G™.G.G1) = x(G1)
[cyclic property of the trace]

Ci1 ={E}|Cy = {R1,R2}|C3 = {M1, M2, M3}

Trivial irrep 1 1 1
Non-trivial irrep 2 -1 0
—1/2 ++/3/2
D) = (_\/3/2 _1/2) D2(R1) =
P = <—1 0) D2(M1) — 1
01

Question: Have identified all the representations?



Group = Conjugacy Classes = Group Representation = Character = Irreducible Representations

Character Table and Irreducible Representations

The characters and representations are connected by the following properties:

e The number of irreducible representations, r, is equal to the number of

conjugacy classes;

e The order of the group G, |G|, is equal to the sum of the squares of the

dimensions of the irreducible representations d;, |G| =Y __, dZ;

e The characters are orthonormal: Y7, n;x%(G;)xp'(G;) = |G|6PP, where

n; is the number of elements in the conjugacy class represented by G;.



Group = Conjugacy Classes = Group Representation = Character = Irreducible Representations

Character Table and Irreducible Representations

The characters and representations are connected by the following properties:

e The number of irreducible representations, r, is equal to the number of

conjugacy classes; There is one representation missing!

e The order of the group G, |G|, is equal to the sum of the squares of the

dimensions of the irreducible representations d;, |G| =Y __, dZ;

e The characters are orthonormal: Y7, n;x%(G;)xp'(G;) = |G|6PP, where

n; is the number of elements in the conjugacy class represented by G;.
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Character Table and Irreducible Representations

The characters and representations are connected by the following properties:

e The number of irreducible representations, r, is equal to the number of

conjugacy classes; There is one representation missing!

e The order of the group G, |G|, is equal to the sum of the squares of the

dimensions of the irreducible representations d;, |G| =>_7_,d?; 6=1"+2"+d* = d=1

e The characters are orthonormal: Y7, n;x%(G;)xp'(G;) = |G|6PP, where

n; is the number of elements in the conjugacy class represented by G;.
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Character Table and Irreducible Representations

The characters and representations are connected by the following properties:

e The number of irreducible representations, r, is equal to the number of

conjugacy classes; There is one representation missing!

e The order of the group G, |G|, is equal to the sum of the squares of the

dimensions of the irreducible representations d;, |G| =>_7_,d?; 6=1"+2"+d* = d=1

e The characters are orthonormal: Y7, n;x%(G;)xp'(G;) = |G|6PP, where

n; is the number of elements in the conjugacy class represented by G;.

Ci1 ={E}|Cy = {R1,R2}|C3 = { M1, M2, M3}

Trivial irrep 1 1 1

Non-trivial irrep 2 -1 0




Group = Conjugacy Classes = Group Representation = Character = Irreducible Representations

Character Table and Irreducible Representations

The characters and representations are connected by the following properties:

e The number of irreducible representations, r, is equal to the number of

conjugacy classes; There is one representation missing!

e The order of the group G, |G|, is equal to the sum of the squares of the

dimensions of the irreducible representations d;, |G| =>_7_,d?; 6=1"+2"+d* = d=1

e The characters are orthonormal: Y7, n;x%(G;)xp'(G;) = |G|6PP, where

n; is the number of elements in the conjugacy class represented by G;.

Ci1 ={E}|Cy = {R1,R2}|C3 = { M1, M2, M3}

Trivial irrep 1 1 1

Non-trivial irrep 2 -1 0




Group = Conjugacy Classes = Group Representation = Character = Irreducible Representations

Character Table and Irreducible Representations

The characters and representations are connected by the following properties:

e The number of irreducible representations, r, is equal to the number of

conjugacy classes; There is one representation missing!

e The order of the group G, |G|, is equal to the sum of the squares of the

dimensions of the irreducible representations d;, |G| =>_7_,d?; 6=1"+2"+d* = d=1

e The characters are orthonormal: Y7, n;x%(G;)xp'(G;) = |G|6PP, where

n; is the number of elements in the conjugacy class represented by G;.

Ci1 ={E}|Cy = {R1,R2}|C3 = { M1, M2, M3}

Trivial irrep 1 1 1

Non-trivial irrep 2 -1 0




Group = Conjugacy Classes = Group Representation = Character = Irreducible Representations

Character Table and Irreducible Representations

The characters and representations are connected by the following properties:

e The number of irreducible representations, r, is equal to the number of

conjugacy classes; There is one representation missing!

e The order of the group G, |G|, is equal to the sum of the squares of the
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Character Table and Irreducible Representations

The characters and representations are connected by the following properties:

e The number of irreducible representations, r, is equal to the number of

conjugacy classes; There is one representation missing!

e The order of the group G, |G|, is equal to the sum of the squares of the

dimensions of the irreducible representations d;, |G| =>_7_,d?; 6=1"+2"+d* = d=1

e The characters are orthonormal: Y7, n;x%(G;)xp'(G;) = |G|6PP, where

n; is the number of elements in the conjugacy class represented by G;.

Trivial irrep

Non-trivial irrep

C1 = {E}|C = {R1, Rs}|C3 = {M1, Ms, M3}
1 1 1
2 | 0
1 A B

(D.1.1+2)1.A+(3).1.B=0
(D214 2).(=1).A+(3).0.B=0
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Character Table and Irreducible Representations

C1 ={FE}|Cy = {Ry1, Ro}|C3 = { My, Ma, M3}
Trivial irrep | 4, 1 1 1

Non-trivial irrep | A, 1 1 -1

Non-trivial irrep | £ 2 -1 0
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Note that these properties can in principle be derived directly
from the group structure, without thinking about any geometric
realisation of the transformations!
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Character Table and Irreducible Representations

C1 ={FE}|Cy = {Ry1, Ro}|C3 = { My, Ma, M3}
Trivial irrep | 4, 1 1 1
Non-trivial irrep | A, 1 1 -1
Non-trivial irrep | £ 2 -1 0

Note that these properties can in principle be derived directly
from the group structure, without thinking about any geometric
realisation of the transformations!

These are can be found in
* Bradley and Cracknell
* Bilbao crystallographic server

The Mathematical Theory
of Symmetry in Solids
on Theory for Point Groups Space Groups

bilbao crystallographic server
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Crystallographic Groups



SC and other ordered phases emerge in...

[IMm-3m] [P4/nmm]
Elemental Niobium CeRhsAs»
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[P42/mnm]

RuO: [14/mmm]
SroRuQOq
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éi'
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I
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‘E\‘-'
»
N
\
-
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...and many others...
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From the triangle to the triangular lattice

C6V E

Aq 1 1

Ay 1 1

By 1 1

B, [ = 1 E, R[60°], R[120°], R[180°], R[240°], R[300°]
E 2 i 1 0 0

E; 2 -1 -1 2 0 0 =Ce =Cs =C2 =C31 =C¢
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From the triangle to the triangular lattice

C6V E

Aq 1 1

Ay 1 1

By 1 1

B, [ o 1 E, R[60°], R[120°], R[180°], R[240°], R[300°]
E 2 i 1 0 0

E; 2 -1 -1 2 0 0 =Ce =Cs =C2 =C31 =C¢

[12 elements in 6 classes]
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From the triangle to the triangular lattice

C6V E

Aq 1 1

Ay 1 1

By 1 1

B, [ o 1 E, R[60°], R[120°], R[180°], R[240°], R[300°]
E 2 i 1 0 0

E; 2 -1 -1 2 0 0 =Ce =Cs =C2 =C31 =C¢

[12 elements in 6 classes]



Group = Conjugacy Classes = Group Representation = Character = Irreducible Representations = Labels

Symmetries of the square lattice

® L 4 L 4 L 4 L 4
L 4 L 4 L 4 L 4 L 4
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Symmetries of the square lattice
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. . . . .
. . @—0—4
. . . L *
3 . . . .

E, R[90°], R[180°], R[270¢°]
=C4 =C>
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Symmetries of the square lattice

E, R[90°], R[180°], R[270¢°]
=C4 =C>
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Symmetries of the square lattice

Ov
: [ L L L 2
Od Od
L 2 L 2

E, R[90°], R[180°], R[270¢°]
=C4 =C>
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DO et et ek e

Symmetries of the square lattice

o4
C2 20
1 1
i i
1 1
e e
) 0

Ov
Od

'S
2 Oy » )|

1
g E, R[90°], R[180°], R[270°]

1 =C4 =C2

0

[8 elements in 5 classes]
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Np—up—sp—ny—n

Symmetries of the square lattice

o4
C2 20
1 1
i i
1 1
e e
) 0

Ov
Od

'S
2 Oy » )

1
g E, R[90°], R[180°], R[270°]

1 =C4 =C2

0

[8 elements in 5 classes]
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D4 [dihedral] point group

T —

Character table and irreducible representations (lrrep)

E

2C4(2)

C2(z)

2C5(x)

2C2(d)

—

® Top
® Bottom
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D4 [dihedral] point group

T —

Character table and irreducible representations (lrrep)
Irrep E 2C4(2) Ca(z) 2C5(x) 2C2(d)
Ay +1 +1 +1 +1 +1
As +1 +1 +1 —1 —1
B1 +1 —1 +1 +1 —1
B> +1 —1 +1 —1 +1
E +2 0 —2 0 0

—

® Top
® Bottom
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D4 [dihedral] point group

D ———

Character table and irreducible representations (lrrep) : gzltotom
Irrep E 2C4(2) Ca(z2) 2C(x) 2C>(d)
‘ Ay ‘ +1 ‘ +1 ‘ +1 ‘ +1 ‘

Ao +1 +1 +1 —1 —1

B1 +1 —1 +1 +1 —1

Bs +1 —1 +1 —1 +1

E +2 0 —2 0 0
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D4 [dihedral] point group

® To
Character table and irreducible representations (lrrep) S Bo’I:tom

Ca(z) 203 () 2C2(d)

L R N

. _ _
el el
B1 +1 —1 +1 +1 —1
B> +1 —1 +1 —1 +1
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D4 [dihedral] point group

D ——

® To
Character table and irreducible representations (lrrep) S Bo:)tom

2C4(2) Ca(z2) 2C5(x) 2C3(d)

00 @®

E
‘ +1
- +1 - +1 1w L !
: +1| 09 - +1 : 1] 09
Bs +1 —1 +1 —1 +1

E +2 0 —2 0 0
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D4 [dihedral] point group

D ———

Character table and irreducible representations (lrrep) : ;::)tom
Irrep 2C4(2) Ca(z2) 2C(x) 2C>(d)
‘ A, +1 ‘ +1 +1 ‘ +1
— —
_1 4—:- Ao +1 — +1 +1 [ —1

: B +1| 09 1 o9 .
4 Y 4

' B> +1 ‘ —1 ' +1
E +2 0 —2 0 0

+1

+1

‘." "‘ o
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D4 [dihedral] point group

Character table and irreducible representations (lrrep) : ;::)tom
Irrep 2C4(2) Ca(z2) 2C(x) 2C>(d)
0.0 0 Q-
— —
— ] _

2 b 9 - *9 -
" B> ' +1 ‘. —1 " +1
(ol o2l D)o D)™ ® ol o
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D4 [dihedral] point group

D ——

Character table and irreducible representations (lrrep) : ;::)tom
Irrep 2C4(2) Ca(z2) 2C(x) 2C>(d)
9. 0 0 @ -
— —
— ] 1l -
A= ! w !

2 s 9 . 09 1| ey
" B> 4 +1 ‘. —1 " +1| =Xy

ozl o2lo) o)™ * ol of-tn

Basis
functions




Hermann-Mauguin

Crystal family | Crystal system
(full)

Triclinic

Monoclinic

MRS

I\
N
N

3
=]
(V)

Orthorhombic

3|
SIS

Sla| &1 & (3

Tetragonal 422

IS
3
3

42m

3=

wl | w I

3w

(]
N

Trigonal

w
=

wl

3w

Hexagonal

3o ol @

Hexagonal 622

Cubic 432

https://en.wikipedia.org/wiki/Crystallographic_point_group

Crystallographic Point Groups
[There are 32 crystallographic point groups in 3D]

(short)

42m

4mmm | m-4:m

3
3

6m2
6/mmm
23
m3
432
43m

m3m

Shubnikov!'/Schoenflies@Orbifold | Coxeter | Order

4:m
4:2
4-m

i-m

3
6
3:2
3-m
6-m
6
3:m
6:m
6:2
6-m
m-3:m
m-6:m
3/2
6/2
3/4
3/4
6/4

[
[2*,2*]
2"
[l
[2.27]
(22"
(2]
[2,2]
[41*
[2*,4%]
[2.4%]
[4.21
[4]
[24]
[4.2]
(81
[2*,67]
[3.21
(3]
[2%6]
(61
(23]
(2,67
62"
(6]
[3.2]
[6.2]
[3.31
[3%4]
[4.81
[3,3]

[4.3]

0| 0| | 0 | MO Al B DD

Cn: n-fold rotation

Cnh: Cn + L mirror

Crv: Cn + n || mirrors

Sn: n-fold rotation-reflection

Dn: n-fold rotations + n 2-fold L rotations
Dnh: Dn + L mirror

Dnd: Dn + n || mirror

T: Tetrahedron

[h: with inversion, d: with improper rotations]
O: Octahedron [h: with inversion]



Character Tables for Point Groups used in Chemistry

Chn C1C G C G5 Cg C7 Cg Cg Cpg Cyp Cyp Cy3 Cpy Cys Cyg Cp7 Cig Cig Cyp G Cpp Cp3 Cyy Cps Cyg Cp7 Cog Cp9 C3p C31 Cpp
Cav  Coy C3y C4y Csy Coy Cry Cgy Coy Croy Ciiv Ciay Ci3v Crav Cisy Ciov Cr7v Cigv Cigv Coov Ca1v Coov Casy Cogy Cosy Cogy Cozy Cagy Cogy Caoy C31v Caoy
Cah Cs Con C3p C4n Csp Con Cn Cgh Con Cion Ciih Ci2n C13h C14n Cish Ci6h C17n Cish Ci9h Coon C21n C22n C23h Caan Cosh Cosh C27n Cash Co9n C3on C31n Ca2n
D, Dy D3 Dy Ds Dg D; Dg Dg Djg Dy; Dy Dy3 Dyy Dys Dyjg Dy7 Dyg Dyg Dyg Dp; Dpp Dp3 Dpg Dps Dyg Dp7 Dyg Dpg D3g D3p Dsp
Dyn Doy D3y Dgy Dsp Dep D7y Dgp Dop Digh D11h D12k D13h D14n D15h Di6h D17n Digh D19k D2gh D21n D22h D23n D24n Dasn D2eh D27n D2gh Dagh D3on D31n D3z
Dyq  Dygq D3q Dgg Dsq Dgg D7g Dgg Dog D1od D114 P12d D13d D14d D154 D16d P17d D18d P19d D204 D21d D224 D23d D24d D2sd D26d D274 D28d D294 D3od D314 D324
Sn G Sy S6 Sg S10 S12 S14 S16 S18 S20 S22 S24 S26 S)8 S30 S32
isometric T Tyq Ty O Oy LI Schoenflies symbol: [ |

Ciy | E 2C; 30,

h=6
Ay 1 1 1
A, 1 1 -l
E 2 -1 0

Symmetry of Rotations and Cartesian products

(rat) ([@=p) (=e=) (—=t=—=) (=9 J (===t J(—==m1——= )

A | p+d+2f+2g+2h+3i LD ot morrtrm e e m e o a e e

i o 2, x-3D), 2, ae?-3), & 22623, 2, AP35, xP(P-3yh),
Ay | Rtf+g+h+2i N ENEENENEEEE EENEE(ENE NENENIENENE EEEEE)E DEEEE EEEEE
2j+2k+3143
e R, Y32y, y232-%), ¥R, (P3P, ¥y B3y
E |Repr2di2fs3geabai | 1] CTICT T[T T TICIT T IO T T T T T T]

5j+6k+61+7
e R, R}, {x 3 2% o) {3 @29, 0z, (2 32 (PP, o), 2D, vd), (2, ¥,

2=+ 2V5) ) (2=(5-2V5)y2), Y(5+2V5)2—y2)(5-2V5)2—yA)},  {z(P—yHP—4x2y?), xyz(2=yD)}, {202 P), 0}, ot vy,
{xz(P—(5+2V5)yP)(2~(5-2V5)y2), yz(5+2V5)2—y2)(5-2V5)2—y2)},  {ZH(PDP-4xy?), (2P}, {0 P), 0ty 62, y2)

ol wl e | —— | —o— || —o— [ ———0———

http://gernot-katzers-spice-pages.com/character_tables/



Character Tables for Point Groups used in Chemistry

Chn C1C G C G5 Cg C7 Cg Cg Cpg Cyp Cyp Cy3 Cpy Cys Cyg Cp7 Cig Cig Cyp G Cpp Cp3 Cyy Cps Cyg Cp7 Cog Cp9 C3p C31 Cpp

Cav  Coy C3y C4y Csy Coy Cry Cgy Coy Croy Ciiv Ciay Ci3v Crav Cisy Ciov Cr7v Cigv Cigv Coov Ca1v Coov Casy Cogy Cosy Cogy Cozy Cagy Cogy Caoy C31v Caoy
Cah Cs Con C3p C4n Csp Con Cn Cgh Con Cion Ciih Ci2n C13h C14n Cish Ci6h C17n Cish Ci9h Coon C21n C22n C23h Caan Cosh Cosh C27n Cash Co9n C3on C31n Ca2n
D, Dy D3 Dy Ds Dg D; Dg Dg Djg Dy; Dy Dy3 Dyy Dys Dyjg Dy7 Dyg Dyg Dyg Dp; Dpp Dp3 Dpg Dps Dyg Dp7 Dyg Dpg D3g D3p Dsp

Dyn Doy D3y Dgy Dsp Dep D7y Dgp Dop Digh D11h D12k D13h D14n D15h Di6h D17n Digh D19k D2gh D21n D22h D23n D24n Dasn D2eh D27n D2gh Dagh D3on D31n D3z
Dyq  Dygq D3q Dgg Dsq Dgg D7g Dgg Dog D1od D114 P12d D13d D14d D154 D16d P17d D18d P19d D204 D21d D224 D23d D24d D2sd D26d D274 D28d D294 D3od D314 D324
S12

S» G S4 S6 Sg S10
isometric [ L 0O Oy

Ciy| E 2 C; 30,
h=6

Ay TR

Ay 1 1 -l

E 2 -1 0

S16 S18 S20 S2 Soa Sa6 Sog S30

Schoenflies symbol: [:]

Note: For crystallographic point groups
only (32) groups with rotation axes of
order n=1,2,3,4,6 are allowed!

Symmetry of Rotations and Cartesian products

o] o= | —o— W —c— | —o— | —0—r

Ay | p+d+2f+2g+2h+3i
3j+3k+41+4m

LI LA O a o m e m o ma i m

7, 2, 223y, 2,

2

2, 23D, 2, AP0 LD, B

A2 R+f+g+h+2i
2j+2k+31+3m

IO OO T O T e I e I ety

R,

Y32, y3P), yPGPD), oE-3DEPD), P3P

E | R+p+2d+2f+3g+4h+4i
5j+6k+61+7m

| B

Nl BN B} BN  NjER BEE N

®, R}, {0 297 o) Oz, 32 229D, mz), G2 ), (P24, o), {262, v, 2, y7h,
{(x2-(5+2V5)y2)(2~(5-2V5)2), Y(5+2V5)2—y2)(5-2V5)2—)}, {24y, xyz(2=2)}, {22P), w2}y, {4, y2*,

{xz(P—(5+2V5)yP)(2~(5-2V5)y2), yz(5+2V5)2—y2)(5-2V5)2—y2)},  {ZH(PDP-4xy?), (2P}, {0 P), 0ty 62, y2)

(Rot] [wrep) (—d—]J(—=t—]( ——9——= J( ——=n—— J[ —===1——- ]

http://gernot-katzers-spice-pages.com/character_tables/



Mercado Central de Valencia

gy 2,

Ch C1C C3 G G5 Cg C7 Cg Cg Cjp Cpp Cpp Cy3 Cyy Cys Cyg Cp7 Cig Crg Cpp
Cnv Cyy C3y Cyy Csy Coy Cqy Cgy C9v Ciov Ci1v Ci2v Ci3yv Cigy Cisv Ciev Ci7v Cigv Cigv Cooy ¢
Caunh Cs Con C3p Cap Csp Con C7n Cgh Con Cion Ci1h C12h C13h Ci4n Cish Ci6h C17n Ci8h Ci9n Coon ¢
D, D D3 Dy Ds Dg D; Dg Dg Dyg Dj; Dy, Dy3 Dyg Dys Dyg Dy7 Dig Dyg Dyg !
Dpn Doy Dap Dyp Dsp Deh D7h Dgp Don D1gh D11k Di2h D13h D14h Dish Dieh D17h Dish D1gh D2on !
Dpg  Dog D3g Dy4g Dsq Deg D74 Dgg Dog D1od D11d P12d D13d D14d D15d D16d P17d D18d P19d D204 !
Sn G Sy4 Se¢ Sg S10 S12 S14 S16 Sig S20

isometric T Tg Ty O Oy LI Schoenflies symbol: [ |
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Ch C1C C3 G G5 Cg C7 Cg Cg Cjp Cpp Cpp Cy3 Cyy Cys Cyg Cp7 Cig Crg Cpp
Cnv Cyy C3y Cyy Csy Coy Cqy Cgy C9v Ciov Ci1v Ci2v Ci3yv Cigy Cisv Ciev Ci7v Cigv Cigv Cooy ¢
Caunh Cs Con C3p Cap Csp Con C7n Cgh Con Cion Ci1h C12h C13h Ci4n Cish Ci6h C17n Ci8h Ci9n Coon ¢
D, D D3 Dy Ds Dg D; Dg Dg Dyg Dj; Dy, Dy3 Dyg Dys Dyg Dy7 Dig Dyg Dyg !
Dpn Doy Dap Dyp Dsp Deh D7h Dgp Don D1gh D11k Di2h D13h D14h Dish Dieh D17h Dish D1gh D2on !
Dpg  Dog D3g Dy4g Dsq Deg D74 Dgg Dog D1od D11d P12d D13d D14d D15d D16d P17d D18d P19d D204 !
Sn G Sy4 Se¢ Sg S10 S12 S14 S16 Sig S20

isometric T Tg Ty O Oy LI Schoenflies symbol: [ |



Mercado Central de Valencia

gy 2,

Sun

IR

Ch C1C C3 G G5 Cg C7 Cg Cg Cjp Cpp Cpp Cy3 Cyy Cys Cyg Cp7 Cig Crg Cpp
Cnv Cyy C3y Cyy Csy Coy Cqy Cgy C9v Ciov Ci1v Ci2v Ci3yv Cigy Cisv Ciev Ci7v Cigv Cigv Cooy ¢
Caunh Cs Con C3p Cap Csp Con C7n Cgh Con Cion Ci1h C12h C13h Ci4n Cish Ci6h C17n Ci8h Ci9n Coon ¢
D, D D3 Dy Ds Dg D; Dg Dg Dyg Dj; Dy, Dy3 Dyg Dys Dyg Dy7 Dig Dyg Dyg !
Dpn Doy Dap Dyp Dsp Deh D7h Dgp Don D1gh D11k Di2h D13h D14h Dish Dieh D17h Dish D1gh D2on !
Dpg  Dog D3g Dy4g Dsq Deg D74 Dgg Dog D1od D11d P12d D13d D14d D15d D16d P17d D18d P19d D204 !
Sn G Sy4 Se¢ Sg S10 S12 S14 S16 Sig S20

isometric T Tg Ty O Oy LI Schoenflies symbol: [ |



What does this all have to do with SC
order parameters?
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From fermionic anti-symmetry: ~ A(K) = — AT(—K)
Aaﬁ(k) ~ <C—kackﬂ>
if inversion is a symmetry:  PA(K)P ™! = A(=k) = = A(K)

[Assumption: does not modify the internal DOFs]

A

Apk) = — AL(-k) = AT(k)

Two decoupled sectors of
SC order parameters:

‘,1 O3 X Ul(iUg)

A

Ap(k) = — Al(—k) = — Al(k)

~ITey =1t

Spin Singlet
Spin triplet

Odd Parity

Even Parity
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Review of basic symmetries of the order parameter
From fermionic anti-symmetry: A(k) = — AT(_k)
Agp(K) ~ (C_kaCip)

For a generic symmetry G:

D(G)AK)D(G)™! = A[D; 1 (G)k] = = A(k)

Can classify the order parameter according to its properties under a
given symmetry operation (as even/odd in analogy to the parity)

Preserves Breaks
Symmetry Symmetry

Note: Now there can be multiple symmetry operations present!

[Irreducible representations are now useful!]



Group = Conjugacy Classes = Group Representation = Character = Irreducible Representations = Labels = Basis Functions

D4 [dihedral] point group

e ———

Character table and irreducible representations (lrrep) : gzltotom
Irrep 2C4(2) Ca(z2) 2C(x) 2C>(d)
0. 00 Q|-
— —
— ] 1l -
A= ! w !

2 s 9 . 09 1| ey
" B> 4 +1 ‘. —1 " +1| =Xy

ozl o2lo) o)™ * ol of-tn

Basis
functions




Group = Conjugacy Classes = Group Representation = Character = Irreducible Representations = Labels = Basis Functions

D4 [dihedral] point group

e ———

® To
Character table and irreducible representations (lrrep) S Bo’I:tom

Irrep E 2C4(2) Ca(z2) 2C(x) 2C>(d)

Unconventional SC: (almost always) Nodal gap structure! Basis

Conventional SC: (almost always) Fully gapped! functions



Unconventional Superconductors

Special scenario I: 2D Irrep and Nematicity

1D Irrep

2D Irrep
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..breaks the point
group symmetry.
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Unconventional Superconductors

Special scenario I: 2D Irrep and Nematicity

Gap
1D Irrep 0

Gap amplitude

Q
o,

T— —

...preserves the point

group symmetry.

INEMATIC SC]
...breaks the point
2D lrrep " group symmetry.
. CUxBiZSQS
What are the observable consequences? = j
* Distinct anisotropy in C/T and Hc

0.00

e Associated lattice deformations

% 3
‘ I’-I || ab, 0’.6 K

LY \ ! i
-60 0 60 120 1
(1G]

80 240

S. Yonezawa et al., Nature Physics 13, 123 (2017)
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Unconventional Superconductors

Special scenario llI: 2D Irrep and TRSB

v

[CHIRAL SC}
Ak) ~ k, * ik,
|AK) | ~ Kk + &

A complex superposition of the two components in a
2D irrep usually lifts the nodes (generally more stable):

Note: Isotropic Gap, but certainly unconventional! SraRuQOq4

80

60

40

N » (0] [oc]

What are the observable consequences?

A8, (10 ° rad)
-6
R, (10°Q)

20

e Polar Kerr Effect 0

e Muon Spin Relaxation Poew e g ww
J. Xia et al., Phys. Rev. Lett. 97, 167002 (2006)




Dsh = D4 + INnversion

' " N
134::16 E 2C, C, 2C, 2C, i 2§, o, 20 20,
Alg 1 1 1 1 1 1 1 1 1 1
A2g 1 1 1 -1 -1 1 1 1 -1 -1
Blg 1 -1 1 1 -1 1 -1 1 1 -1
B2g 1 -1 1 -1 1 1 -1 1 -1 1
Eg 2 0 -2 0 0 2 0 -2 0 0
Aty 1 1 1 1 o= = = = =
Asy 1 1 T [ ] 1 1
By 1T il 1 [ | I T = 1
B2u 1 -1 1 -1 1 -1 1 -1 -1
Ey 2 0 -2 0 0 -2 0 2 0 0




Dsh = D4 + INnversion

' " x
D4hl:w E 2C, C, 2C, 2C; i 28, o 20 20,
Alg 1 1 1 1 1 1 1 1 1 1
Asg 1 1 TR (R 1 1 TR (|
Blg 1 -1 1 1 -1 1 -1 1 1 -1
B2g 1 -1 1 -1 1 1 -1 1 -1 1
Eg 2 0 -2 0 0 2 0 -2 0 0
Ay 1 1 1 1 T e | e
Asy 1 1 T [ [ R 1 1
B1u 1 -1 1 1 -1 -1 1 -1 -1 1
By, il il [ [ -1
E, 2 0 -2 0 0o -2 0 2 0 0

Symmetry of Rotations and Cartesian products

B & EDEE = T

Agg |ew2ge2i | [T T OTTTO CTTTTTO) T TO OO T T O (I T AT T T T T0
3kct3m 2 PPd) A M) S0 ad 6
Agg | Regsi (IO OO0 [TTT (8 T T i o o O T T T T

2k+2m
R, 00, 0(P—y?)

dg2i [ T | T i | o
I e M R )
Bjg | d+gs2i OoofO0oioC dooio00000oi00000C.00oi00000000000f00 00000000000

i v, 0, oe?-37032-Y), ot

Eg zl:f;rzlg+3i|:DD:I]IIIIHIIIIIIIIIIIIIIHIIIIIIIIIIHIIIIIIIII\

R R}y {232 (03D, 32629 G )2 (x4 A-(5-2V5)7), (4252 A(G-2V5 D)) (x2e-3yD), y2 3P 52}

A | b [T
i 2P —?)

Agy |p+ien | OO OTTTOOTTTITO ITTIITT O (T TTITTTT O (TTTTITTTITTT
i 2, 2, d(@@H2-4dy?), 2

By, | f+h [ oo 1 O T T ] T T T o
2j+21 o xy13

By, | f+h [T} ] A o e e e e e
i 2P, 2P

E, |p+2f+3n [ ] [ ) o O T e
B (b 23D, yO2D), R, v AxR=(G4VEAR5-2V8)), H(GHERAG-2EED), (23, y2GP-D), (e, v
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Dsh = D4 + INnversion

' " A
D4,,l.-116 E 2C, C, 2C, 2C; i 28, o 20 20,
Ag 1 1 1 1 1 1 1 1 1 1
A2g 1 1 1 -1 -1 1 1 1 -1 -1
Blg 1 -1 1 1 -1 1 -1 1 1 -1
B2g 1 -1 1 -1 1 1 -1 1 -1 1
Eg 2 0 -2 0 0 2 0 -2 0 0
Ay 1 1 1 1 T e | e
Asy 1 1 T [ [ R 1 1
B1y e 1 1 -1 -1 RS | 1
B2u 1 -1 1 -1 1 -1 1 -1 -1
E, 2 0 -2 0 0 -2 0 2 0 0

Only gives us information
about the k-dependent
part of the gap function.

Symmetry of Rotations and Cartesian products
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xy, w2, o362, it
Eg m:;}zlgm [ AN SN ENEiEE NE SN NENEEENEE NE EE
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i 2 2w, 2
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REVIEWS OF MODERN PHYSICS

Phenomenological theory of unconventional

superconductivity

Manfred Sigrist and Kazuo Ueda

Rev. Mod. Phys. 63, 239 — Published 1 April 1991

TABLE IV. (a)

symmetry (Dyg, ).

Even-parity basis gap
A(T,m;k)=i6,¥(T,m;k) and (b) odd-parity basis gap func-
tions A(T,m;k)=i[&-d(I",m;k)]&, for the tetragonal lattice

Irreducible
representation I

Basis function

ry
Iy
Iy
Ty
Ls

(a)

W k)=1, k2+k?2, k?
Y k) =k, k (kl—k;})
Yy k)=k2—k;
YHk)=k .k,

WIS k)=kk,
YIS, 2k) =k k,

(b)

AT k) =%k, +§k,, 2k,
d(T; k) =%k, — 9k,
d(T'7;k)=%k, —Jk,

d(Ty k) =Rk, +k,
d(I'7, 1;k)=%k,, 2k,
d(5,2;k)=¥Yk,, Zk,

functions
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TABLE IV. (a)

Even-parity

basis gap

functions

A(T,m;k)=i6,¥(T,m;k) and (b) odd-parity basis gap func-
tions 3(F,m;k)=i[&-d(l",m;k)]b"y for the tetragonal lattice

symmetry (Dyg, ).

Irreducible
representation I

Basis function

ry
Iy
Iy
Ty
Ls

(a)

WIFk)=1, k2+k?, k2
WS k)=k, k,(kZ—k})
W k)=k2—k;]
WIS k) =k k,

v, L,k)=k .k,

W, 2,k)=k,k,

(b)

d(T[;k) =Rk, +3k,, 2k,
d(T; k) =%k, — 9k,
d(T'7;k)=%k, —Jk,

d(Ty k) =Rk, +k,
d(I'7, 1;k)=%k,, 2k,
d(5,2;k)=¥Yk,, Zk,

v
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Phenomenological theory of unconventional

superconductivity

Manfred Sigrist and Kazuo Ueda

Rev. Mod. Phys. 63, 239 — Published 1 April 1991

TABLE IV. (a)

symmetry (D, ).

Even-parity basis gap
A(T,m;k)=i6,¥(T,m;k) and (b) odd-parity basis gap func-
tions A(I',m;k)=i[&-d(I",m;k)]&, for the tetragonal lattice

Irreducible
representation I

Basis function

ry
Iy
Iy
Ty
Ls

(a)

W k)=1, k2+k?2, k?
Y k) =k, k (kl—k;})
Yy k)=k2—k;
YHk)=k .k,

WIS Lk)=kk,
YIS, 2k) =k k,

(b)

d(I;k) =%k, +§k,, 2k,
d(T; k) =%k, — 9k,
d(T'7;k) =%k, —Jk,
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d(Is,2;k)=¥Yk,, Zk,

functions



REVIEWS OF MODERN PHYSICS

Phenomenological theory of unconventional

superconductivity

Manfred Sigrist and Kazuo Ueda
Rev. Mod. Phys. 63, 239 — Publis

TABLE IvVv. (a)

hed 1 April 1991

Even-parity basis gap

functions

A(T,m; ;k)=i6,(I",m ;k) and (b) odd-parity basis gap func-
tions A(T,m ; k)-z[a d(I",m;k)]o, for the tetragonal lattice

symmetry (D, ).

Irreducible
representation I

Basis function

(a)

Y(Fk)=1, k2+k2, k2
Wy k)=k,k, (k2 k;)
1!1(1“'{;k)=k3—ky2

W k) =k k,

vy, Lk)=kk,
YIS, 2k) =k k,

(b)
d(T7;k) =Rk, +3k,, 2k,
d(T; k) =%k, — 9k,
d(I'; k)=
d(I'; k)=
d(rs, k)=
d(5,2;k)=

xkZ , Zk,
yk., iky

Ay | b BIEE [EEE BEERE BN
j+21 xyz(xz—yz)

Agy | p++2h HNEgnEENIEEEENEEE
e 2. B, dP—y2—4RP),

By, | f+h BIEN [EEE BEEEN BN
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i 222, Be2—D)
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REVIEWS OF MODERN PHYSICS

Phenomenological theory of unconventional
superconductivity

Manfred Sigrist and Kazuo Ueda
Rev. Mod. Phys. 63, 239 — Published 1 April 1991

TABLE IV. (a) Even-parity basis gap functions
A(T, m; ;k)=i6,¥(I"',m ;k) and (b) odd-parity basis gap func-
tions A(T,m; )——z[a -d(I',m ;k)]&, for the tetragonal lattice
symmetry (D4,, ).

Irreducible

representation I Basis function

(a)

ry WOFk)=1, k2+k2, k2
ry WS k) =k, k, (k2 —k2)
| B 1/z(l“;';k)=k3—ky2
r; T k) =k, k,
rd WIS, k)=k k,
YT, 2K) =k, k,
(b)
r- d(TT;k) =Rk, +9k,, 2k,
r; d(T; k) =Rk, — 9k,
r; d(T7;k) =%k, — 9k,
r- d(T;;k)=Rk, +k,
r: d(Ls,1;k)=%k,, 2k,

d(T';,2,k)=9k,, 3k,

In the presence of SOC:

Symmetry operations also act on
the spin DOF and influence the
classification of SC order
parameters.

Spin singlet (associated with o)
always transforms trivially;

The irreps associated with each
spin configuration in the triplet
sector can be deduced from the
explicit form of the generators:

C4z — ei7w3/4 — 0o ~ 103
V2

— ino /2 _
C,, = e =10

P = ¢ Homework!



REVIEWS OF MODERN PHYSICS

Complete classification of SC
order parameters from the
perspective of point groups!

Phenomenological theory of unconventional
superconductivity

Manfred Sigrist and Kazuo Ueda
Rev. Mod. Phys. 63, 239 — Published 1 April 1991

TABLE 1L (a) Even-parity basis gap functions
3(F,m;k)=i6y¢(l“,m;k) and (b) odd-parity basis gap func-
tions 3(1‘,m;k)=i[3-d(l"‘,m;k)]6y for the cubic lattice sym-
metry (O, ).

TABLE III. (a) Even-parity basis gap functions
K(I‘,m;k)=i6y¢(l",m;k) and (b) odd-parity basis gap func-
tions A(T,m ;k)=i[&-d( I',m;k)]&, for the hexagonal lattice
symmetry (Dg, ).

Irreducible

representation I Basis functions

Irreducible

representation I' Basis functions

(a)

ry Y k=1, k2+k}+k?
T YIS k) =(k2—k2)(k}—k2) (k2 —k2)
ry YT, k) =2k2—k2—k}
(I, 2K)=V3(k2—k})
ry W, k) =k, k,(k}—k2)

WIS, 2k) =k, k,(k2—k})

WIS, 3k =k k,(k}—k})
rs WS, k)=kk,

W, 2;k)=k,k,

WY, 3k)=kk,

(b)
ry d(I'y;k) =Rk, +3k, +Zk,
ry d(I; k) =Rk, (k2 —k})+3k, (k2 —k2)
+2k,(k}—k?)
ry d(T;,1;k) =22k, — %k, —§k,
d(T'y,2;k)=V3(Rk, —9k,)
| g d(Ty, k) =9k, —2k,

d(Ty,2;k) =2k, — Rk,
d(T;,3;k)=%k, —§k,
rs d(T5,1;k) =9k, +2k,
d(T'5,2;k) =2k, +%k,
d(T'5,3;k)=%k, +§k,

(a)

r W k)=1, kl+k}, k2
Iy WS k) =k, k,(k2—3k2)(k}—3k2)
ry WL sk)=k,k, (k2—3k})
ry WS k)=k,k,(k}—3k})
ry W, LK)=k,k,
WIS, 2k)=k,k,
rs WIS, k) =k2—k}
W, 2k) =2k, k,
(b)
| R d(I'{;k)=Rk, +9k,,2k,
gy d(T; ;k)=Rk, —§k,
I d(T'5;k)=2k, (k}—3k}),
k,[(k}—k}R—2k k9]
by d(Ty;k)=2k,(k}—3k2),
k,[(k}—k}§—2k k,X]
ry d(I's, k) =%k, 2k,
d(T'5,2;k) =3k, ,2k,
| by d(T'y, 1;k) =%k, —§k,

d(Ty,2;k) =Rk, — 9k,

TABLE IV. (a) Even-parity basis gap functions
K(I‘,rrl;k)=i6y1/1( I'ym;k) and (b) odd-parity basis gap func-
tions A(T,m;k)=i[&-d(T,m;k)]&, for the tetragonal lattice
symmetry (Dyy, ).

Irreducible

representation I' Basis function

(a)
It W k) =1, kI+k}, k2
ry WIS k) =k, k,(k}—k})
ry Wy k)=k2—k}
b7 W k)=kk,
rs W, k) =k k,
WS, 2k) =k, k,
(b)
T d(T'[;k) =%k, +3k,, 2k,
Iy d(Dy k) =%k, — 9k,
ry d(T'5;k) =%k, —Fk,
(7 k) =Rk, +k,
s d(I'5, k) =%k, 2k,

d(I's,2;k)=9k,, 2k,

Can deduce irreps for all other point groups by “symmetry descent”
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Have we covered everything?
Is the Sigrist-Ueda classification “complete”?

“Yes and No!”
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How to describe the superconducting
states in complex materials with
multiple internal DOFs?



Considering multiple internal DOF (orbitals/sublattice)
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Considering multiple internal DOF (orbitals/sublattice)

Annica’s Lecture: i Ho(k) A(k)
. o Hpia(k) = | . :
The mean-field BdG Hamiltonian AT(k) —H}(—k)

Z dop(K) Ty ® Gp(202)

"X\

Orbital/SL Spin

In principle parametrised in terms of (3+1)x(3+1) = 16 functions dan(k)

If a = 0,3: Intra-orbital/SL
0 1) If a = 1,2: Inter-orbital/SL

(
g2 =0y = (O _OZ> If b = 0: Spin Singlet
((1) 0 ) If b = 1,2,3: Spin Triplet



The basic symmetries of the order parameter
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The basic symmetries of the order parameter

Annica’s Lecture:

I]

X A [a, b]| 74 |6 (i02) | Matrix
A< — —AT(—k) 0, 0]
[0, 1]
If the matrix is anti-symmetric: k-even 0, 2]

If the matrix is symmetric: k-odd 0,3

[1,0]
[1,1]

A(k) = dap(k)fa ® 64(i62) .
ab
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[2,0]

[2,1]

2,2]
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The basic symmetries of the order parameter

Annica’s Lecture:

I]

N . [a,b] |74 |0s(i02) [Matrix| k
A(k) - —AT(—k) 0,0][S| A A |E
[0,1]] S S S O
If the matrix is anti-symmetric: k-even 02/s| s :
If the matrix is symmetric: k-odd 03ls| s .
[1,0]| S| A A |E
A .. [L,1]{S| S s |0
Ak) = Z dop(K) 7, ® 63(i63) e
- 1,3|s| s s |o
[2,0]|A] A S O
Inversion symmetry: Rl e L
[2,2]| A S A |E
T AV A A 2,3||A S A |E
Equal parity: P =+ 17, ® 6, 2,3]
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Opposite parity: P =7, ® 4, B s e
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The basic symmetries of the order parameter

Annica’s Lecture:

A

A(k) = —AT (k)

If the matrix is anti-symmetric: k-even
If the matrix is symmetric: k-odd

A(k) = Z dap(K)To ® 03(902)

Inversion symmetry:
Equal parity: P =+ 17, ® 6,
Opposite parity: P =7, ® 6,

Sublattice: P =17, Q 6,

|
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If the matrix is anti-symmetric: k-even
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Considering multiple internal DOF (orbitals)

=]
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©)
",

[a, b] |74 |0b(i02) [ Matrix
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£

>
>

A(k) - Z dab(k)%a X 5’5(25'2)

Singlet/triplet are not directly associated
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Considering multiple internal DOF (orbitals)

A(k) =) dup(K) e ® 6,(i62)

Spin Singlet [b=0]

Singlet/triplet are not directly associated
with even/odd k or with even/odd parity!
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Considering multiple internal DOF (orbitals)

A(k) = Z dap(k)To ® 0(902)

Spin Singlet [b=0]

Spin Triplet [b=1,2,3]

Singlet/triplet are not directly associated
with even/odd k or with even/odd parity!

222
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Considering multiple internal DOF (orbitals)

4

A . . (@, b] | #a |6 (i0) | Matrix | k |EP
A(k) :%dab(k)famb(m) T x blelsls
[0,1]] S S S [0/lO0O|O0|O
[0,2]| S S S [0l]O]O|O
Spin Singlet [b=0] 0,3/s| s | s |ojo|lo]o
[1,0]] S A A |[E/IE|O|E
Spin Triplet [b=1,2,3] m,1/s| s s lolel o e
21 S S [OJO|E|O
k-dependence does not el OO B O
uniquely define the parity of the = [20jA A 8 [0/0|B|E
SC order parameter! —» 2uA| S | A [E|E|0]O
—P  [2,9]|A| S A |E|E|0O|O
=P |[2,3]|A] S A B ElO O
[3,0]| S A A |([E/IE|E|O
[3,1]] S S S |0l]O0|O|E
Singlet/triplet are not directly associated sas| s s e g e
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Some examples of nontrivial phenomenology



Superconductivity in Complex Quantum Materials

A(k) = —AT (k) > A(k) = d, (k)6,(i62)

Only spin

> A(k) — dab(k)'f-a X 5b(i&2)

Orbital/Layer/Sublattice+Spin . _ _
Can transform non-trivially under inversion!



Superconductivity in Complex Quantum Materials

The case of CeRh2As>
Sublattice structure

A(k) — d33(k)%3 X 6’3(’&6‘2)

Even-parity, k-odd,
intra-layer, spin-triplet

Two superconducting phases!

D. Mdckli and A. Ramires, Phys. Rev. Research 3, 023204 (2021)

Only spin

>
Orbital/Layer/Sublattice+Spin

A(k)

> A(K) = da (K)84(i62)

= dap(K)Te ® 6p(i62)

Can transform non-trivially under inversion!



Superconductivity in Complex Quantum Materials

> A(K) = da (K)84(i62)

» A(k) =

Orbital/Layer/Sublattice+Spin

Only spin

dap (K)o ® 6p(i62)

Can transform non-trivially under inversion!

The case of CeRh2As>
Sublattice structure

As/Rh
. g .
1 ® -0 @ celt)
B —
s VAS

N P a
1 © .7 @ @ Ce

As/Rh

t I" e
1 ‘©CLO® @ celt)

Rh/As

A(k) — d33(k)%3 X 6’3(’&6‘2)

Even-parity, k-odd,
intra-layer, spin-triplet

Two superconducting phases!

D. Mdckli and A. Ramires, Phys. Rev. Research 3, 023204 (2021)

The case of d-Bi2Ses
Even- and odd-P orbitals

25— o
Cux/Nby/Sr(PbSe)x
)
) Se(1)
N
Bi(1)
P2z-
B g
Cux/Nby/Sr«(PbSe)x

A(k) = doy ® 6¢(i62)

Bi(1”)

Se(1’)

[c>o 3 o<>J
I
g

Odd-parity, s-wave,
inter-orbital, spin-singlet

Generalized Anderson’s Theorem

L. Andersen*, A. Ramires™ et al., Sci. Adv. 6, eaay6502 (2020)



Superconductivity in Complex Quantum Materials

> A(K) = da (K)84(i62)

» AK) = dap (K) 7o ® 64(i62)

Orbital/Layer/Sublattice+Spin

Only spin

Can transform non-trivially under inversion!

The case of Sro.RuQO4
3 orbitals

B,

The case of CeRh2As> The case of d-Bi2Ses

Sublattice structure Even- and odd-P orbitals

I — :

A(k) — d33(k)%3 X 6’3(’&6‘2)

Even-parity, k-odd,
intra-layer, spin-triplet

Two superconducting phases!

D. Mdckli and A. Ramires, Phys. Rev. Research 3, 023204 (2021)

)
) Se(1)
X Bi(1)
P2z-

—  Se(2)

Cux/Nbx/Srx(PbSe)x
T 2
B g

A(k) = doy ® 6¢(i62)

Bi(1”)

[c>o 3 o<>J
I

S

Se(1’)

Cux/Nby/Srx(PbSe)x

Odd-parity, s-wave,
inter-orbital, spin-singlet

Generalized Anderson’s Theorem

L. Andersen*, A. Ramires™ et al., Sci. Adv. 6, eaay6502 (2020)

\

kya/m
o
\\

da:z dyz dacy
N \ﬁ
i o} 7 0 "0 "0
-1 0 1
kya/m

[6,3] + i[5,3]

Chiral d-wave superconductivity
[Orbital antisymmetric spin-triplet]

Chiral d-wave in 2D FS!

S. Beck, A. Ramires et al., Phys. Rev. Research 4, 023060 (2022)



Three orbitals with same parity: SrRuQO4

3 tog orbitals/3 bands system

Opy
Op, Op, op
v X

Rud
Rud,, o, - sheets @

© Felix Baumberger

S. Beck, A. Ramires et al., Phys. Rev. Research 4, 023060 (2022) H. G. Suh, A. Ramires et al., Phys. Rev. Res. 2, 032023(R) (2020)



Three orbitals with same parity: SrRuQO4

3 tog orbitals/3 bands system

a,f - sheets

© Felix Baumberger

1

c {
S 0
i da:z dyz dxy
. af ¥ 0.0 ¥ 0
-1 0 1

S. Beck, A. Ramires et al., Phys. Rev. Research 4, 023060 (2022) H. G. Suh, A. Ramires et al., Phys. Rev. Res. 2, 032023(R) (2020)



Three orbitals with same parity: SrRuQO4

3 tog orbitals/3 bands system SC states [Even-parity sector]
: ! Irrep [a, b] Orbital Spin

} on, ? op, [0, 0] symmetric |singlet

Rud, - sheets Rud,, A, 8, 0] symmetric |singlet

4, 3] antisymmetric | triplet

© Felix Baumberger
[5,2] — [6,1] [antisymmetric| triplet

1 Asg | [5,1] 4+ [6,2] |antisymmetric| triplet
\ B [7,0] symmetric |singlet
/ A Y521+ 6,1] |antisymmetric| triplet
B [1,0] symmetric |singlet
| "[5,1] — 6,2] |antisymmetric| triplet
g 0 {[3,0],—[2,0]}| symmetric |singlet
<& d v w Eq {[4,2],—[4, 1]} |antisymmetric| triplet
{[5,3],[6,3]} |antisymmetric| triplet
Y 1 1 Microscopic basis: E-parity/S-Triplet
! 1 . : Band basis: pseudospin-S
kya/m

S. Beck, A. Ramires et al., Phys. Rev. Research 4, 023060 (2022) H. G. Suh, A. Ramires et al., Phys. Rev. Res. 2, 032023(R) (2020)



Three orbitals with same parity: SrRuQO4

3 tog orbitals/3 bands system

f ;ﬁ s  Fog %
dﬁ o ﬁ( ag/op bé@ “OPx
Rud, a.pB - sheets Rud,, Y- sheet Rud

xy

© Felix Baumberger

1 \
/ |
-
3 0
=
= da:z dyz dxy
. af ¥ 0 =0 0
-1 0 1

S. Beck, A. Ramires et al.,

SC states [Even-parity sector]

Phase diagram

[atomic x k-dependent SOC]

Irre a,b Orbital Spin
p [a, b] p 15
[0, 0] symmetric |singlet
8, 0] symmetric |singlet
Aig A~
4, 3] antisymmetric | triplet >
[5,2] — [6,1] [antisymmetric| triplet g 10
Asg | [5,1] 4+ [6,2] |antisymmetric| triplet ~
[7,0] symmetric |[singlet 8 N
By R
[5,2] +[6,1] |antisymmetric| triplet =5
[1,0] symmetric |singlet
Bay,
[5,1] — [6,2] |antisymmetric| triplet
{[3,0],—[2,0]}| symmetric |singlet 0
Eq {[4,2],—[4, 1]} |antisymmetric| triplet 0
{[5,3],[6,3]} |antisymmetric| triplet

Microscopic basis: E-parity/S-Triplet
Band basis: pseudospin-S

Phys. Rev. Research 4, 023060 (2022)

H. G. Suh, A. Ramires et al.,

20 40
n (meV)

60

Hund’s interaction
[inter-orbital]

Phys. Rev. Res. 2, 032023(R) (2020)
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3 tog orbitals/3 bands system
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S. Beck, A. Ramires et al.,

SC states [Even-parity sector]

Phase diagram

[atomic x k-dependent SOC]

Irre a,b Orbital Spin
p [a, b] p 15
[0, 0] symmetric |singlet
8, 0] symmetric |singlet
Aig A~
4, 3] antisymmetric | triplet >
[5,2] — [6,1] [antisymmetric| triplet g 10
Asg | [5,1] 4+ [6,2] |antisymmetric| triplet ~
[7,0] symmetric |[singlet 8 N
By R
[5,2] +[6,1] |antisymmetric| triplet =5
[1,0] symmetric |singlet
Bay,
[5,1] — [6,2] |antisymmetric| triplet
{[3,0],—[2,0]}| symmetric |singlet 0
Eq {[4,2],—[4, 1]} |antisymmetric| triplet 0
{[5,3],[6,3]} |antisymmetric| triplet

Microscopic basis: E-parity/S-Triplet
Band basis: pseudospin-S

Phys. Rev. Research 4, 023060 (2022)

H. G. Suh, A. Ramires et al.,

20 40
n (meV)

60

Hund’s interaction
[inter-orbital]

Phys. Rev. Res. 2, 032023(R) (2020)



Three orbitals with same parity: SrRuQO4

Phase diagram

3 tog orbitals/3 bands system [atomic x k-dependent SOC]

Q‘f ﬁ
(4
o P, o p;
‘ <
Ru dyz Ru dxz

a,f - sheets

SC states [Even-parity sector]

Irrep [a, b] Orbital Spin 15

[0, 0] symmetric |singlet

8, 0] symmetric |singlet

4, 3] antisymmetric | triplet
© Felix Baumberger

10 8 °

1

[5,2] — [6,1]

antisymmetric

triplet

“~

[5,1] + [6, 2]

antisymmetric

triplet

[7,0]

symmetric

singlet

[5,2] +[6,1]

antisymmetric

triplet

[1,0]

symmetric

singlet

[57 1] - [6a 2]

antisymmetric

triplet

kya/m
o

{[37 0]7 _[2’ O]}

symmetric

singlet

{[47 2]7 _[4a 1]}

antisymmetric

triplet

{[5,3],[6,3]}

antisymmetric

triplet

ts6. (meV)

20 40 60

n (meV)

Hund’s interaction
[inter-orbital]

Y Microscopic bgsis: E-parity{S-TripIet
-1 Band basis: pseudospin-S

e Uncovered mechanism for chiral d-wave!
 Engineering the normal state to enhance T!

S. Beck, A. Ramires et al., Phys. Rev. Research 4, 023060 (2022) H. G. Suh, A. Ramires et al., Phys. Rev. Res. 2, 032023(R) (2020)



Two-orbitals with opposite parity: d-Bi.Ses

Pz-like orbitals in a quintuple layer

Cux/Nbx/Srx(PbSe)x

e N )

) —  Se(1)
T

Bi(1)

P1z+ P2z- — Se(2)

— Bi(1’)
s X

; Se(1’

Cux/Nbx/Srx(PbSe)x



Two-orbitals with opposite parity: d-Bi.Ses

Pz-like orbitals in a quintuple layer K-independent sector

Cux/N bx/Sfx(PbSe)x .
Irrep| Spin |Orbital |Parity | Matrix Form
N N\ ) ( )
—  Se(1) . . To ® 60(162)
- Aig |Singlet| Trivial | Even ————
Bi(1) 73 ® 00(102
Triplet | Singlet T2 ® 63(i02)
P1z+ P2z- — Se(2) Singlet | Triplet 71 ® 60(i02)
» 2 61(i6
() Bi(1°) Triplet | Singlet 72 ® 61(i02)
B To ® 02(i62)
U U Se(1) ]
— Odd parity = Nodes!
Cux/Nbx/Srx(PbSe)x

[Sensitive to disorder]



Two-orbitals with opposite parity: d-Bi.Ses

Pz-like orbitals in a quintuple layer K-independent sector Experiment/Theory
Cux/Nbx/Srx(PbSe)x T LI L L S S,
( ) Irrep| Spin |Orbital |Parity | Matrix Form o e
e N\ ( ) 2043 saroian
O———) ) Se(1) | N Fo ® 60 (i62) - e
A1y |Singlet | Trivial | Even . o
T ’ T3 @ 00 (102 *%®
Bi(1) : o:
: Triplet | Singlet .
P1Z+ PZZ_ I Se(z) Slnglet Trlplet 0015 0.030 T/T20.645 0.060
----- BaFe,(As, P), P
——YBCO i
X Y Bi(17) Triplet | Singlet | N |
B 0.0 ® & O O Transport
Se(1) 00 05 10 15 20
U | . .
) Odd parity = Nodes! A0, (mexom)
Cux/Nbx/Srx(PbSe)x _— .
- (FoSe) [Sensitive to disorder] M. P. Smylie et al., PRB 96, 115145 (2017)

OO OO0 O

hI'




Two-orbitals with opposite parity: d-Bi.Ses

Pz-like orbitals in a quintuple layer K-independent sector Experiment/Theory

Cux/Nbx/Srx(PbSe)x
Irrep| Spin |Orbital |Parity | Matrix Form

A 0.18
® Pristine T,
| ® 1x10" plom’
o 3x10" plem’
@ 5x10" plem®

D
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“Generalised Anderson’s Theorem” n

L. Andersen*, A. Ramires* et al., Sci. Adv. 6, eaay6502 (2020)
B. Zinkl and A. Ramires, Phys. Rev. B 106, 014515 (2022)
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Some common themes...
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 Phase diagrams with multiple SC phases are rare!
 Only observed in other two HF materials!
* Indication of unconventional SC state!
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Common theme: sublattice DOF?!
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Have we covered everything?
Is the Sigrist-Ueda classification “complete”?

[Generalizations]

I) Multiple internal DOF

Il) Nonsymmorphic systems [Space group]
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Crystallographic Space Groups in 3D

A general space-group operation can be
written as [Seitz notation]:

(Gt}
7N

Point .
. Translation
operation

Examples:

{E|0} Identity

{G |0} Pure point operation
{E|t}  Pure translation

Action on coordinates:

{G|tir = Ds;p(G)r +t

Composition:

{Glltl}{Gzltz} — {GI.G2|G1I2+Z'1}



Crystallographic Space Groups in 3D

[There are 230 space groups in 3D]

A general space-group operation can be
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(non-primitive) translation parallel to the plane of reflection.

1D Example

(1/2)PLV

PLV: Primitive Lattice Vector Images: Wikipedia



Compound space group operations (l)
Glide Plane: {M |t }

Definition: A glide plane consists of a reflection followed by a
(non-primitive) translation parallel to the plane of reflection.

1D Example

2D Example

PLV: Primitive Lattice Vector Images: Wikipedia



Compound space group operations (ll)
Screw axis: {R |t}

Definition: A screw axis consists of a rotation followed by a (non-
primitive) translation along the axis of rotation.

J. Li et al., Phil. Mag. 93, 3216 (2013) A. Sazbo and A. Ramires arXiv.2309.05664 (2023)



Compound space group operations (ll)
Screw axis: {R |t}

Definition: A screw axis consists of a rotation followed by a (non-
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Compound space group operations (ll)
Screw axis: {R |t}

Definition: A screw axis consists of a rotation followed by a (non-
primitive) translation along the axis of rotation.

Elena’s Lecture

3D Example: Elemental Te [helical chains] 3D Example: CeRh2As?

(1/3)PLV

[P3121] [P4/nmm]

J. Li et al., Phil. Mag. 93, 3216 (2013) A. Sazbo and A. Ramires arXiv.2309.05664 (2023)
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Nonsymmorphic Space groups

Consider a space group G with operations { G |t} which leave a
given lattice invariant. We can rewrite each operation as:

(Gt} ={G|Tpyy + 1t} = {E|Tp }{G] 1}

Definition:

If, by a suitable choice of origin we find that ALL elements of G have
t=0
the space group is called SYMMORPHIC

If, by ANY choice of origin we find that AT LEAST ONE of the elements of G have

t#0
the space group is called NONSYMMORPHIC
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“From Point Groups to Space Groups”

What happens to the irreps we found in the context of point groups?

— Need to take translations into account!

Translations in 3D: three sets of (infinite) Abelian subgroups

= Infinite conjugacy classes = Infinite irreps

= Bloch’s functions are basis functions for the group
of translations (labelled by momenta k)

Symmorphic groups: D,I: ({R.| R, }) = g'k-Fn Dl (it )

yenlal T2 el

Nonsymmorphic groups:  More complicated...but there are tables!

e e v



Nonsymmorphic symmetry
Manifestation #1: Symmetry-protected band crossings

s-states in a diamond lattice Hourglass fermions in KHgSb
[Fd-3m] [P63/mmc]
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S. M. Young et al., PRL 108, 140405 (2012) S. Wang et al., Nature 532, 189 (2016)



Nonsymmorphic symmetry
Manifestation #2: New OP connectivities
in modulated systems

Fe-based SC [P4/nmm]
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Nonsymmorphic symmetry
Manifestation #2: New OP connectivities
in modulated systems

Band perspective —» OP perspective

Fe-based SC [P4/nmm] CeRh2As2 [P4/nmm]
E,f= :
. ' 211 If a multi-component order parameter:
* S " - -— 2
e . e Bl .
P N B F.=yM,M,P + ...
\\\\ E1/2m ®E1/2m :Alg@AQu@B2g@Blu
Eg LT TR S \\\%\ T ®
0 \;ii::_"gxl Fsjam ® E3jam = A1g © A1y © Bay © Byg
‘\\\ """""""" 3
et B, ML, (B M, (Bon)
r M . .
LT et
Cvektovik et al., Phys. Rev. B 88, 134510 (2013) £ 4 H

A. Ramires and A. Szabo, arXiv.2309.05664 (2013)



Nonsymmorphic symmetry
Manifestation #2: New OP connectivities
in modulated systems

Band perspective —» OP perspective

Fe-based SC [P4/nmm] CeRh2As2 [P4/nmm]
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Nonsymmorphic symmetry
Manifestation #3: New nodes at the BZ edge

Blount’s Theorem:
“there are no line nodes in odd-parity
superconductors in the presence of SOC”

E. I. Blount, Phys. Rev. B 32, 2935 (1985)
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Blount’s Theorem:
“there are no line nodes in odd-parity
superconductors in the presence of SOC”

E. I. Blount, Phys. Rev. B 32, 2935 (1985)

UPt3 [P63/mmc]

M. R. Norman, PRB 52, 15093 (1995)



Nonsymmorphic symmetry
Manifestation #3: New nodes at the BZ edge

Blount’s Theorem: | FS in 3D BZ FS in k, = x plane
“there are no line nodes in odd-parity

superconductors in the presence of SOC” W> 2f

E. I. Blount, Phys. Rev. B 32, 2935 (1985)

UPts [P6s/mmc] .
P I N In the SC state:
z S o ) Line nodes!
Tqv % : N Z. Wang et al., PRB 96, 174511 (2017)

M. R. Norman, PRB 52, 15093 (1995) S. Kobayashi et al., PRB 94, 134512 (2016)
T. Micklitz et al., PRL 118, 207001 (2017)

T. Micklitz et al., PRB 95, 024508 (2017

S. Sumita Ph.D. Thesis (2019)



Summary/Conclusion

Brief introduction to group theory concepts:
Group = Conjugacy Classes = Group Representation
= Character = Irreducible Representations

Crystallographic Point Groups:
= SC order parameter classification
= Conventional/unconventional
= Nematic/Chiral

Beyond the Sigrist-Ueda Classification:
= Multiple internal DOFs (orbitals/layers/sublattices)
= Nonsymmorphic symmetries

“Loopholes” to what we have thought were very well-established

concepts and theorems in the field...are there more of them?
Homework!






