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Multiscale
theoretical 
modeling

 

 

  

 
 

Superconductors

Spintronics & magnonics

High performance computing
Classical: Monte Carlo, Molecular Dynamics
Quantum: DFT, AIMD, multicomponent, mean-field
Num. methods: parallel, high-throughput, AI, ML
Infrastructure: CalcUA, VSC, LUMI 

Semiconductors
Nano-electronics

Nano-photonics

Nano-rings

Nanowires

Nano-dots

2D materials:
graphene, hBN, TMD, 
vdW heterostructures

Classical systems
e.g. colloids, (bi)metallic i magnetic 
nanoparticles, for photonic and medical 
applications → self-organization, interaction 
with light, temperature, catalytic
properties, etc.

Transparent 
conducting oxides

Nanoscale

Devices

Hybrids

From nanophysics to 
functional materials

2

Materials & mechanisms

http://cmt.uantwerpen.be
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Trivia
• Everyone knows a metal can 

conduct electricity, i.e. 
electrons can flow through 
the metal when pushed by 
electric field (say, a battery).

• Of course, we also know that 
the wire is made of atoms.
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Resistance question
Suppose we have a perfect crystal of 

a metal in which we produce an 
electric current. The electrons in 
the metal:

A. Collide with the atoms, causing 
electrical resistance;

B. Twist between atoms, causing 
electrical resistance;

C.Propagate through the crystal 
without any electrical resistance?

If all atoms are perfectly in place, the electron 
moves through the wire without any resistance!



Tuesday, April 23    Milorad Milošević – school SUPERQUMAP              5

The real world

Some missing atoms (defects)

Vibrating atoms!

Electron scatters -> resistance
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Temperature-dependent resistance
Suppose we cool down the 

wire that carries the 
electrical current to the 
light bulb. The light will:

A. Get brighter;
B. Get dimmer;
C.Stay same?
As temperature is decreased, the 
interaction of electrons with 
vibrating atoms and impurities 
decreases - resistance decreases -
more current flows through the 
wire, and light bulb gets brighter.
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What happens at the lowest temperature?

Kelvin (1824-1907): 
Electrons freeze and 
resistance increases 
as T decreases 

Onnes (1853-1926): 
Resistance continues to 
decrease, finally reaching 
zero at zero temperature

Drude (1863-1906): 
Electrons bounce off 
vibrating atoms and 
impurities
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Heike Kamerlingh Onnes 
• 1908 - liquefied helium 
 (~4 K = - 269°C )
• Annealed pure mercury (Hg)
• 1911- investigated low temperature 

resistance of mercury
• Found resistance dropped abruptly 

to zero at 4.2 K!!!

• 1913 - Nobel Prize in physics

Surprise



Tuesday, April 23    Milorad Milošević – school SUPERQUMAP              9

Superconductivity: hallmark 1
• Superconductors are materials that 

have exactly zero electrical 
resistance.

• Superconductivity occurs at 
temperatures below a critical 
temperature, Tc.

• In most cases this temperature is 
far below room temperature.
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Element Critical T (K) (˚C)

Aluminum 1.75 -271

Mercury 4.15 -269

Lead 7.2 -266

Tin 3.72 -269

Niobium 9.25 -264
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Superconducting elements
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Persistent currents
• How zero is zero?

• EXACTLY!

• One of the first experiments was 
to set up a persistent current in a 
Pb ring (Holst et al. 1913).

• The magnitude of the current was 
monitored via the generated 
magnetic field.

• No current decay detected (until 
the WWI)

Persistent 
supercurrent

Magnetic 
field
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Critical current

• If the current is too large, 
superconductivity is 
destroyed.

• Maximum current for zero 
resistance is called the 
critical current.

• For larger currents, the 
voltage is no longer zero, and 
power is dissipated. Current
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Superconductivity: hallmark 2 
The Meissner effect

Meissner and Ochsenfeld in 1933:

• Diamagnetic response to a 
magnetic field.

• For small magnetic fields a 
superconductor will spontaneously 
expel all magnetic flux.

• Above the critical temperature, this 
effect is not observed.
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• Apply uniform 
magnetic field.

• Superconductor 
responds with 
circulating current.

• Produces own 
magnetic field.

• Finally, field is zero 
inside the 
superconductor, 
enhanced outside.

Meissner effect
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Question
A superconductor expels an applied magnetic field with a 

circulating supercurrent that generates a cancelling 
magnetic field.

A superconductor has a maximum supercurrent it can carry 
before losing superconductivity.

When the applied magnetic field is increased to larger 
and larger values, the superconductor:

A. Continues to expel the field;
B. Expels only part of the field;
C. Loses superconductivity?
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Critical magnetic field
• Magnetic field is screened out by 

the screening current.
• Larger fields require larger 

screening currents.
• Screening currents cannot be 

larger than the critical current.
• Thus there exists a maximal 

magnetic field which can be 
screened.

• Above this field, superconductivity 
is destroyed.

Superconductor 
phase diagram

(Type I)

Critical 
magnetic 
field
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• It was one of Onnes’ disappointments that even small 
magnetic fields destroyed superconductivity.

• Superconductivity seemed a fragile effect
– Only observed at low temperature;
– Destroyed by small magnetic fields.

Critical magnetic field
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1935: 
London theory

2024

1911:
superconductivity 
discovered

Einstein, Bohr, 
Dirac, Bloch, 
Landau… 

all agonizing

Theory of superconductivity
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London equations
In 1934, brothers London derived 
their first equation from Newton’s 
law:

( )SJ
dt
dE Λ= 2en

m
s

=Λ
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• Newton’s law (inertial response) for applied electric field

( )SJ
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dE Λ= 2en

m
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We know B = 0 inside superconductors

Faraday’s law

London equations
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( )SJ
dt
dE Λ= 2en

m
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B
m
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 London equations

t
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∂
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Ampere’s 
law

=0; Gauss’s law 
for electrostatics

London equations
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London equations

z

B(z)

2
0

2

en
m

sµ
λ = BB


2

2 1
λ

=∇

λ/
0)( zeBzB −=

B0

SC

In 1934, brothers London derived 
their first equation from Newton’s 
law:

( )SJ
dt
dE Λ= 2en

m
s

=Λ

B
m
enJ s

S

 2

−=×∇

In 1935, using Faraday’s law 
and the fact that B=0 inside 
the superconductor, they 
obtained:

λ
Magnetic (London) penetration depth



Tuesday, April 23    Milorad Milošević – school SUPERQUMAP              23

1935: 
London theory

1950: Landau-
Ginzburg theory

1911:
superconductivity 
discovered

Theory of superconductivity

2024
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Ginzburg-Landau theory

42

2
ψβψα ++= ns ff

• First consider zero magnetic field

• Order parameter ψ

• Associate with carrier density:

• Expand f in powers of |ψ|2

 To make sense, β > 0, α = α(T)

Free energy of the
superconducting state

Free energy of the
normal state

2ψ=sn
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Ginzburg-Landau theory

( )qAip −∇−→ 

• Momentum term:

• Now – include energy of the 
magnetic field

• Classically, know that to 
include magnetic fields

( )
0

2
242

2
2

2
1

2 µ
ψψβψα

B
eAi

m
ff ns +−∇−++=− 

∇−→+= ipV
m

pH ,
2

2

0

2

2µ
B

fmagnetic +=

42

2
ψβψα +=− ns ff

𝑔𝑔 = 𝑓𝑓 − 𝜇𝜇0𝐻𝐻 � 𝑀𝑀
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Dirichlet BC

SC – vacuum
Neumann BC
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The Ginzburg-Landau equations
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The coherence length
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1935: 
London theory

1953: Vortices 
(type-I/II 
superconductors)1950: Landau-

Ginzburg theory

1911:
superconductivity 
discovered

Theory of superconductivity

2024



Tuesday, April 23    Milorad Milošević – school SUPERQUMAP              29

κ=λ/ξ

-M

H
Hc1 Hc2

1 2

-M

H
Hc

Type I Type II

H

Type-I vs. type-II superconductors

‘Bulk’ 
superconductors

The difference is 
the energy of the 

S/N interface!
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Type I                 Type II
H(x)

λ
ξ

ψ(x)

gmagnetic(x)

gnet(x)

gsc(x)

H(x)

λ
ξ

ψ(x)

gmagnetic(x)

gnet(x)

gsc(x)

• predicted in 1950s by Abrikosov• elemental superconductors

ξλ >>ξλ <<

ξ (nm) λ (nm) Tc (K) Hc2 (T)

Al 1600 50 1.2 .01

Pb 83 39 7.2 .08

Sn 230 51 3.7 .03

ξ (nm) λ (nm) Tc (K) Hc2 (T)

Nb3Sn 11 200 18 25

YBCO 1.5 200 92 150

MgB2 5 185 37 14

2
1

=≡
ξ
λκ
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κ=λ/ξ

-M

H
Hc1 Hc2

1 2

-M

H
Hc

Type I Type II

H

Type-I vs. type-II superconductors

‘Bulk’ 
superconductors

Surface superconductivity up to Hc3

-M

H
Hc

Intermediate state of type I
superconductors

Intermediate 
state, n > 0

Intermediate state of type II
superconductors

The difference is 
the energy of the 

S/N interface!
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Hallmark 3: Flux quantization

ℏ𝑐𝑐
𝑒𝑒∗ 𝛻𝛻𝜃𝜃 = 𝐴𝐴  +  

𝑚𝑚∗𝑐𝑐
𝑛𝑛𝑠𝑠 𝑒𝑒∗ 2 𝐽𝐽𝑠𝑠

ℏ𝑐𝑐
𝑒𝑒∗  �𝛻𝛻𝜃𝜃 � 𝑑𝑑𝑑 = �𝐴𝐴 � 𝑑𝑑𝑑 +

𝑚𝑚∗𝑐𝑐
𝑛𝑛𝑠𝑠 𝑒𝑒∗ 2 � 𝐽𝐽𝑠𝑠 � 𝑑𝑑𝑑

Singly-connected Multiply-connected

ℏ𝑐𝑐
𝑒𝑒∗ 2𝜋𝜋𝜋𝜋  =  Φ +  

𝑚𝑚∗𝑐𝑐
𝑛𝑛𝑠𝑠∗ 𝑒𝑒∗ 2  �𝐽𝐽𝑠𝑠 � 𝑑𝑑𝑑

kinetic
flux

“fluxoid”

�𝛻𝛻𝜃𝜃 � 𝑑𝑑𝑑 = 0 �𝛻𝛻𝜃𝜃 � 𝑑𝑑𝑑 = 2𝜋𝜋𝜋𝜋

magnetic
flux

𝜓𝜓 needs to single-valued which 
forces a phase constraint: 

Fluxoid quantized in units of 
Φ0 = ℎ𝑐𝑐

2𝑒𝑒
  “flux quantum”

Φ′ =  
Φ0
2𝜋𝜋  �𝛻𝛻𝜃𝜃 � 𝑑𝑑𝑑  = 𝑛𝑛 Φ0

Fluxoid 

Φ0 = 2.07 × 10−15 𝑊𝑊𝑊𝑊
= 2.07 × 10−7 𝐺𝐺 − 𝑐𝑐𝑚𝑚2
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Apply uniform field Measure flux

Flux quantization
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Great red spot on Jupiter and cloud vortex over Earth 

Spiral galaxy M-100
Tornado

Vortices in nature
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Superconductivity: hallmark 3
Flux quantization

size ~ξ

λ

J

B(r)

Normal core

Carries exactly 1 quantum
of magnetic flux.

Vortices are experimentally visible
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Vortex matter as a smoking gun 
for underlying novel phenomena

size ~ ξ,λ

Type-II/1 Type-I

Images:
I. Grigorieva

Type-1.5 in bulk MgB2

PRL 102, 117001 (2009)
PRB 85, 094511 (2012)

Nature Physics 11, 332 (2015)

Elongated, coreless, spontaneous vortices in Fe-
based superconductors, see recent works of 
Hai-Hu Wen, Nanjing and Hanaguri, RIKEN

Type-1.5 in bulk MgB2

PRL 102, 117001 (2009)
PRB 85, 094511 (2012)
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…but vortices are mobile and can ruin everything!

Vortices move – local Joule heating – quench!
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Abrikosov lattice
triangular lattice

add an underlying (permanent) lattice structure

Nanostructuring of the SC

V.V. Moshchalkov et al., 
Phys. Rev. B. 54, 7385 (1996)

Nanostructuring of the magnetic field

M.J. VanBael et al., 
Phys. Rev. B. 54, 7385 (1996)

• Sample or material imperfections, possibly chemically grown

S. Lee et al., Nature Mat.
• Strategically placed artificial defects

Vortex pinning



Tuesday, April 23    Milorad Milošević – school SUPERQUMAP              39

1957: BCS theory

1935: 
London theory

1953: Vortices 
(type-I/II 
superconductors)1950: Landau-

Ginzburg theory

1911:
superconductivity 
discovered

Theory of superconductivity

2024
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+ + + + + + 

+ + + + + + 

+ + + + + + 

+ + + + + + 

- - Electron 2 Electron 1 

Positive ion lattice • One electron distorts the ionic lattice 
around it, creating an area of greater 
positive charge density. Another 
electron ~ ξ0 away is then attracted to 
this charge distortion (phonon).

•The typical size of the pair is the 
coherence length, ξ0 (~1-100nm). 

• ‘Conventional’ superconductivity 
arises due to a condensation of 
electrons near the Fermi energy into 
Cooper pairs.  

• Within the Bardeen, Cooper, 
Schrieffer (BCS) theory, Cooper pairs 
are bound together by the electron-
phonon interaction.
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Interestingly, BCS theory gives a very simple expression:
Tc~ Θ/e1/ γ

Poor conductors can make excellent superconductors!
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1957: BCS theory

1935: 
London theory

1953: Vortices 
(type-I/II 
superconductors)1950: Landau-

Ginzburg theory

1911:
superconductivity 
discovered

Theory of superconductivity

1959:
Microscopic 
derivation 
of the GL 
theory 2024
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L.P. Gor’kov, Sov. Phys.-JETP 36, 1364 (1959)

The self-consistency gap equation as expansion in series over powers of ∆:

1) Collecting terms               :  the above equation reduces to the critical temperature eq:

Gor’kov truncation

2) Collecting terms                :

the GL equation

3
3 3

3 1 2 3
1

( , ) ( ) ( ,{ } ) ( ) ( ) ( )a j b
j

d y K r y y d y K r y y y y∗

=

∆ = ∆ + ∆ ∆ ∆∏∫ ∫
5

3
5 1 2 3 4 5

1

( ,{ } ) ( ) ( ) ( ) ( ) ( )j c
j

d y K r y y y y y y∗ ∗

=

+ ∆ ∆ ∆ ∆ ∆ +∏∫ 
α∆ 2Κ∇ ∆ 2β∆ ∆| |
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κ=λ/ξ

-M

H
Hc1 Hc2

1 2

-M

H
Hc

Type I Type II

Type-I vs. type-II superconductors

‘Bulk’ 
superconductors

Where types I and II 
interchange?

Is it really that abrupt and that simple?
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No, there is type-II/1

Top: type-II superconductor, Niobium disc, d = 40 μm, D = 4
mm, Ba = 74 mT. Optical microscope. Bottom: electron
microscope. 

U. Essmann and H. Trauble, Phys. Lett. 24A, 526 
(1967); Sci. Am. 224, 75 (1971).

Top: High-purity Nb disks 1 mm thick, 4 mm diameter, of 
different crystallographic orientations [110] and [011], at T = 
1.2 K and Ba = 800 Gauss (Bc1 = 1400 Gauss). Bottom: High-
purity Nb foil 0.16 mm thick at T = 1.2 K and Ba = 173 Gauss. 
Round islands of vortex lattice embedded in a Meissner phase. 
(Courtesy U. Essmann)

0.75κ ≈
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Types of superconductivity

The long-range attraction 
between vortices in type-II/1 
appears due to nonlocal effects, 
and not due to any special 
relation between characteristic 
lengths in the GL theory. 

Being local, Ginzburg-Landau theory 
cannot capture this.
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Types of superconductivity
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L.P. Gor’kov, Sov. Phys.-JETP 36, 1364 (1959)

The self-consistency gap equation as expansion in series over powers of ∆:

1) Collecting terms               :  the above equation reduces to the critical temperature eq:

Gor’kov truncation

2) Collecting terms                :

the GL equation

3
3 3

3 1 2 3
1

( , ) ( ) ( ,{ } ) ( ) ( ) ( )a j b
j

d y K r y y d y K r y y y y∗

=

∆ = ∆ + ∆ ∆ ∆∏∫ ∫
5

3
5 1 2 3 4 5

1

( ,{ } ) ( ) ( ) ( ) ( ) ( )j c
j

d y K r y y y y y y∗ ∗

=

+ ∆ ∆ ∆ ∆ ∆ +∏∫ 
α∆ 2Κ∇ ∆ 2β∆ ∆| |
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Extended GL theory 

1) 

2) 

A.A. Shanenko, M.V. Milošević, et al., 
Phys. Rev. Lett. 106, 047005 (2011) 
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How well does Extended GL work?
A.V. Vagov, A.A. Shanenko, M.V. Milošević, et al., Phys. Rev. B 85, 014502 (2012)

Ripley’s Believe it or not agreement with BCS at lower temperatures

Can EGL then capture physics outside type-I/type-II?

The current-field relation becomes non-local in the next-to-leading order!
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Opening of the Bogomolnyi domain

Conditions around the Bogomolnyi point:

Hc2= Hc

Hc1= Hc

Es= 0

κ*
li is calculated by substituting the long range asymptotic of the single vortex solution 

into the expression for the free energy (J/I=2) and then finding the value of kappa at 
which the long range asymptotic of the interaction changes its sign.

κ*
li ( )* 1 1 0.67

2liκ τ= +

( )*
1

1 1 0.093
2

κ τ= −

( )*
2

1 1 0.407
2

κ τ= −

( )* 1 1 0.027
2sκ τ= −
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The critical domain
J. Auer and H. Ullmaier, 
Phys. Rev. B 7, 136 (1973)

J. Auer and H. Ullmaier, Phys. Rev. B 7,136 (1973)
H. W. Weber et al., Physica C 161, 272 (1989).
F.M. Sauerzopf et al., J. Low Temp. Phys. 66, 191 (1987) 
J. F. Sporna et al., J. Low Temp. Phys. 37, 639 (1979).

( )* 1 1 0.67
2liκ τ= +

( )*
1

1 1 0.093
2

κ τ= −

( )*
2

1 1 0.407
2

κ τ= −

( )* 1 1 0.027
2sκ τ= −
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Subdivision of the critical domain
J. Auer and H. Ullmaier, 
Phys. Rev. B 7, 136 (1973)

Hc
*= Hc1

Hc
*= Hc1(N)

Hc
*= ?

κ1
*(N)
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Sampling of the critical domain

J. Auer and H. Ullmaier, 
Phys. Rev. B 7, 136 (1973)

Thinning the type-I material

κ(T) for bulk Pb
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1957: BCS theory

1935: 
London theory

1953: Vortices 
(type-I/II 
superconductors)1950: Landau-

Ginzburg theory

1911:
superconductivity 
discovered

1969:
“A nail in the coffin 
of superconductivity”

Theory of superconductivity

1962: Josephson effect

2024
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High-Tc superconductivity
1986 Bednorz and Müller – first high-Tc 
superconductor (perovskites (ceramic!), 
Ba-La-Cu-O, Tc~30K) - Nobel prize in 1987*

Soon after, Chu et al. discovered YBCO, with 
Tc>90K, and more importantly, above the 
temperature of liquid nitrogen!

* Message to chemists: if you think you have a new (or old) material with unusual structural or 
chemical properties, do what Bednorz and Müller (and many others before and after) did – 
cool it down. For example, Claude Michel and Bernard Raveau at the University of Caen in 
France had made 123 stoichiometric copper-oxide perovskites in 1982, but having no 
cryogenic facilities at their lab or access to others elsewhere, they missed making the history.
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Superconducting materials

Pluto

moon
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Near room-temperature 
superconductivity 
La-superhydrides, LaH10 & LaH16

 

…add carbon and room-temperature superconductivity is reached!
                                                                         Nature (2020-2022) - retracted
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Dias returns with a vengeance [8/3/2023]

 

Lutetium-hydride with
~1% nitrogen impurities

Predictive calculations 
could not verify it

Nature 615, 244 (2023)
- retracted
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The Holy Trinity of 
superconductivity

materials

mechanisms

vortex 
matter

research

The goal
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Superconductivity in 2D materials and heterostructures

Mix&match
Twist

Strain

Gating

Functionalization and intercalation

⇒ ideal platform for in silico
design of superconductors!



Tuesday, April 23    Milorad Milošević – school SUPERQUMAP              62

VdW Josephson junctions

Tunable by strain, 
gating, and twist
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VdW Josephson junctions

Photomicrograph of superconducting random-access 
memory (RAM) circuit with record density of ~4 million 
Josephson junctions per square centimeter, fabricated 
at Lincoln Laboratory, MIT, USA.
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SFET

SSET

AVRAM

SNSPD

T. Golod et al., 
Nature Comm. 6, 8628 (2015)

SQUID detectors

Ultra-sensitive and ultra-low power 
superconducting electronics

Bolometers, 
THz detectors and 
emitters, etc.
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Second quantum revolution 
is under way!

IBM transmon Qbit Microsoft Majorana Qbit Google Josephson Qbit

ALL COMMERCIAL QUBIT CONCEPTS ARE BASED ON 
SUPERCONDUCTORS

Why? Because of being easy to fabricate, also with high chip density, while 
control/readout of input and output is very accessible. 
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Example
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Few hundred nm

Few nm

Crystalline Pb on Si

Bz
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−𝑖𝑖∇ − 𝐴𝐴
2
𝜓𝜓 = (1 − 𝑡𝑡)𝜓𝜓(1 − 𝜓𝜓 2)

𝜅𝜅2∇ × ∇ × 𝐴𝐴 =
1
2𝑖𝑖 𝜓𝜓∗∇𝜓𝜓 − 𝜓𝜓∇𝜓𝜓∗ − 𝜓𝜓 2𝐴𝐴

Ginzburg-Landau equations:

The Neumann BC is used at all SC-vacuum interfaces:

�−𝑖𝑖𝑖∇ −
𝑒𝑒∗

𝑐𝑐 𝐴𝐴
⊥,𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝜓𝜓 = 0

All distances are expressed in coherence length units ξ(0), magnetic field in Hc2(0), 

and order parameter is scaled to its value in absence of magnetic field ( −𝛼𝛼
𝛽𝛽
).

𝐹𝐹 =
𝐻𝐻𝑐𝑐2

4𝜋𝜋 �𝑑𝑑𝑑𝑑  −(1 −
𝑇𝑇
𝑇𝑇𝑐𝑐

)( 𝜓𝜓 2 +
1
2
𝜓𝜓 4) + −𝑖𝑖∇ − 𝐴𝐴 𝜓𝜓

2
+ 𝜅𝜅2 ℎ(𝑟𝑟) − 𝐻𝐻

2

Gibbs free energy:

+𝑖𝑖 −𝑖𝑖∇ − 𝐴𝐴 𝜓𝜓
∇𝑑𝑑(𝑥𝑥,𝑦𝑦)
𝑑𝑑(𝑥𝑥,𝑦𝑦)

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + Dirty limit, 𝑙𝑙 ≈ 2𝑑𝑑 ≪ 𝜉𝜉0

𝜉𝜉 0 = 0.855 𝜉𝜉0 � 𝑙𝑙

𝑙𝑙
𝑙𝑙(𝑥𝑥, 𝑦𝑦)

−
𝑙𝑙

𝑙𝑙(𝑥𝑥, 𝑦𝑦)

2

𝜓𝜓 2

𝑡𝑡 =
𝑇𝑇
𝑇𝑇𝑐𝑐
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𝑈𝑈𝜇𝜇
𝑟𝑟1,𝑟𝑟2 ≡ exp −𝑖𝑖�

𝑟𝑟1

𝑟𝑟2
𝐴𝐴𝜇𝜇 𝑟𝑟 ⋅ 𝑑𝑑𝜇⃗𝜇 , 𝜇𝜇 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ⇒

𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

= −𝒊𝒊𝜵𝜵 − 𝑨𝑨
𝟐𝟐
𝝍𝝍 − (𝟏𝟏 − 𝒕𝒕)𝝍𝝍(𝟏𝟏 − 𝝍𝝍 𝟐𝟐)
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𝑈𝑈𝑥𝑥
𝑘𝑘𝑘𝑘𝜓𝜓𝑘𝑘 − 𝜓𝜓𝑗𝑗

𝑎𝑎𝑥𝑥2
+
𝑈𝑈𝑥𝑥
𝑖𝑖𝑖𝑖𝜓𝜓𝑖𝑖 − 𝜓𝜓𝑗𝑗
𝑎𝑎𝑥𝑥2

+
𝑈𝑈𝑦𝑦
𝑓𝑓𝑓𝑓𝜓𝜓𝑓𝑓 − 𝜓𝜓𝑗𝑗
𝑎𝑎𝑦𝑦2

+
𝑈𝑈𝑦𝑦
ℎ𝑗𝑗𝜓𝜓ℎ − 𝜓𝜓𝑗𝑗

𝑎𝑎𝑦𝑦2

+
𝑈𝑈𝑧𝑧
𝑚𝑚𝑚𝑚𝜓𝜓𝑚𝑚 − 𝜓𝜓𝑗𝑗

𝑎𝑎𝑧𝑧2
+
𝑈𝑈𝑧𝑧
𝑛𝑛𝑛𝑛𝜓𝜓𝑛𝑛 − 𝜓𝜓𝑗𝑗

𝑎𝑎𝑧𝑧2
+ (1 − 𝑇𝑇) 𝜓𝜓𝑗𝑗

2 − 1 𝜓𝜓𝑗𝑗

𝜂𝜂(𝜓𝜓𝑗𝑗𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜓𝜓𝑗𝑗) =

Supercurrent:

=0, at the boundary

𝑈𝑈𝑥𝑥
𝑘𝑘,𝑗𝑗 = exp −𝑖𝑖�

𝑘𝑘

𝑗𝑗
𝐴𝐴𝑥𝑥 𝑥𝑥 ⋅ 𝑑𝑑𝑑𝑑 = exp(−𝑖𝑖

1
2
𝐵𝐵𝑧𝑧𝑦𝑦𝑎𝑎𝑥𝑥)

Notice that link variables 
take simple form:
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Simulation
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Generalized time-dependent Ginzburg-Landau framework

𝜋𝜋𝜋
8𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐𝑢𝑢

𝑢𝑢
1 + 2𝜏𝜏𝑖𝑖 Δ ℏ−1 2

𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑖𝑖
𝑒𝑒∗

ℏ
𝜑𝜑 +

1
2
𝜕𝜕
𝜕𝜕𝜕𝜕

2𝜏𝜏𝑖𝑖 Δ ℏ−1 2 Δ =

=
𝜋𝜋𝜋𝜋𝜋

8𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐
𝛻𝛻 − 𝑖𝑖

𝑒𝑒∗

ℏ
𝑨𝑨

2

Δ + 𝑓𝑓(𝑇𝑇) − 𝑔𝑔(𝑇𝑇)
𝜋𝜋2

16𝑢𝑢𝑘𝑘𝐵𝐵2𝑇𝑇𝑐𝑐2
Δ 2 Δ

1
𝜇𝜇0
𝛻𝛻 × 𝛻𝛻 × 𝑨𝑨 = 𝜎𝜎𝑛𝑛

𝜋𝜋
2𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐𝑒𝑒∗

Δ 2 𝛻𝛻𝜃𝜃 −
𝑒𝑒∗

ℏ 𝑨𝑨 −
𝜕𝜕𝑨𝑨
𝜕𝜕𝜕𝜕 − 𝛻𝛻𝜑𝜑 + 𝜈𝜈𝑒𝑒𝑒𝑒

𝑒𝑒𝑒𝑒𝑒𝑒  

𝛻𝛻 𝜎𝜎𝑛𝑛
𝜕𝜕𝑨𝑨
𝜕𝜕𝜕𝜕 + 𝛻𝛻𝜑𝜑 = 𝛻𝛻

𝜎𝜎𝑛𝑛𝜋𝜋
2𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐𝑒𝑒∗

Δ 2 𝛻𝛻𝜃𝜃 −
𝑒𝑒∗

ℏ 𝑨𝑨 + 𝛻𝛻𝜈𝜈𝑒𝑒𝑒𝑒
𝑒𝑒𝑒𝑒𝑒𝑒

𝐶𝐶
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝐾𝐾𝛻𝛻2𝑇𝑇 −

ℎ
𝑑𝑑 𝑇𝑇 − 𝑇𝑇0 + 𝜎𝜎𝑛𝑛

𝜕𝜕𝑨𝑨
𝜕𝜕𝜕𝜕 + 𝛻𝛻𝜑𝜑

2

+ 𝜈𝜈𝑡𝑡𝑡
𝑒𝑒𝑒𝑒𝑒𝑒

𝑓𝑓 𝑇𝑇 =
1 − 𝑇𝑇

𝑇𝑇𝑐𝑐

2

1 + 𝑇𝑇
𝑇𝑇𝑐𝑐

2

𝑔𝑔 𝑇𝑇 = 1 +
𝑇𝑇
𝑇𝑇𝑐𝑐

2 −2

First gTDGL equation:

Second gTDGL equation:

Current conservation law:

Equation of thermal balance:
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𝜋𝜋𝜋
8𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐𝑢𝑢

𝑢𝑢
1 + 2𝜏𝜏𝑖𝑖 Δ ℏ−1 2

𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑖𝑖

𝑒𝑒∗

ℏ 𝜑𝜑 +
1
2
𝜕𝜕
𝜕𝜕𝜕𝜕

2𝜏𝜏𝑖𝑖 Δ ℏ−1 2 Δ =

=
𝜋𝜋𝜋𝜋𝜋

8𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐
𝛻𝛻 − 𝑖𝑖

𝑒𝑒∗

ℏ 𝑨𝑨
2

Δ + 𝑓𝑓(𝑇𝑇) − 𝑔𝑔(𝑇𝑇)
𝜋𝜋2

16𝑢𝑢𝑘𝑘𝐵𝐵2𝑇𝑇𝑐𝑐2
Δ 2 Δ +

+
𝜋𝜋𝜋𝜋𝜋

8𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐
𝛻𝛻𝑑𝑑
𝑑𝑑 𝛻𝛻 − 𝑖𝑖

𝑒𝑒∗

ℏ 𝑨𝑨 Δ

Collaboration with groups of J. M. De Teresa and H. Suderow
d  r⃗ 

Generalized time-dependent Ginzburg-Landau framework
Variable thickness

I. Serrano et al., Beilstein J. Nanotechnol. 7, 1698 (2016)
I. Guillamón et al., Nature Physics 10, 851 (2014)
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o Arbitrary geometry and placement of leads

What other experimentally relevant parameters can be taken into 
account?
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Size matters

Grigorieva et al. PRL 92, 237001 (2004)

But:
• Effect weak
• Realized over maximum one micron distance

We recognized the design fault, and revisited the 
problem in simulations and experiment:

Collaboration De Teresa @UZaragoza and Suderow @UAM
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M. Berciu et al., Nature 435, 71 (2005) 
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Material-dependent or sample-specific parameters

𝑇𝑇𝑐𝑐 𝒓𝒓 , 𝜏𝜏𝑖𝑖 𝒓𝒓 , 𝐷𝐷 𝒓𝒓 = 𝐷𝐷 ℓ 𝒓𝒓
𝜎𝜎𝑛𝑛(𝒓𝒓)
𝐶𝐶 𝒓𝒓 , 𝐾𝐾 𝒓𝒓 , ℎ 𝒓𝒓

𝑑𝑑 𝒓𝒓

What other experimentally relevant parameters can be taken into 
account?

Baumans et al., 
Nat. Comm. 7, 10560 (2017)Collaboration Silhanek @ULiege, Van de Vondel @KULeuven

Nanoscale 10, 1987 (2018)
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Material-dependent or sample-specific parameters

𝑇𝑇𝑐𝑐 𝒓𝒓 , 𝜏𝜏𝑖𝑖 𝒓𝒓 , 𝐷𝐷 𝒓𝒓 = 𝐷𝐷 ℓ 𝒓𝒓
𝜎𝜎𝑛𝑛(𝒓𝒓)
𝐶𝐶 𝒓𝒓 , 𝐾𝐾 𝒓𝒓 , ℎ 𝒓𝒓

𝑑𝑑 𝒓𝒓

What other experimentally relevant parameters can be taken into 
account?

Baumans et al., 
Nat. Comm. 7, 10560 (2017)

Collaboration Silhanek @ULiege, Van de Vondel @KULeuven

Nanoscale 10, 1987 (2018)
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Generalized time-dependent Ginzburg-Landau framework

𝜋𝜋𝜋
8𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐𝑢𝑢

𝑢𝑢
1 + 2𝜏𝜏𝑖𝑖 Δ ℏ−1 2

𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑖𝑖
𝑒𝑒∗

ℏ
𝜑𝜑 +

1
2
𝜕𝜕
𝜕𝜕𝜕𝜕

2𝜏𝜏𝑖𝑖 Δ ℏ−1 2 Δ =

=
𝜋𝜋𝜋𝜋𝜋

8𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐
𝛻𝛻 − 𝑖𝑖

𝑒𝑒∗

ℏ
𝑨𝑨

2

Δ + 𝑓𝑓(𝑇𝑇) − 𝑔𝑔(𝑇𝑇)
𝜋𝜋2

16𝑢𝑢𝑘𝑘𝐵𝐵2𝑇𝑇𝑐𝑐2
Δ 2 Δ

1
𝜇𝜇0
𝛻𝛻 × 𝛻𝛻 × 𝑨𝑨 = 𝜎𝜎𝑛𝑛

𝜋𝜋
2𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐𝑒𝑒∗

Δ 2 𝛻𝛻𝜃𝜃 −
𝑒𝑒∗

ℏ 𝑨𝑨 −
𝜕𝜕𝑨𝑨
𝜕𝜕𝜕𝜕 − 𝛻𝛻𝜑𝜑 + 𝜈𝜈𝑒𝑒𝑒𝑒

𝑒𝑒𝑒𝑒𝑒𝑒  

𝛻𝛻 𝜎𝜎𝑛𝑛
𝜕𝜕𝑨𝑨
𝜕𝜕𝜕𝜕 + 𝛻𝛻𝜑𝜑 = 𝛻𝛻

𝜎𝜎𝑛𝑛𝜋𝜋
2𝑘𝑘𝐵𝐵𝑇𝑇𝑐𝑐𝑒𝑒∗

Δ 2 𝛻𝛻𝜃𝜃 −
𝑒𝑒∗

ℏ 𝑨𝑨 + 𝛻𝛻𝜈𝜈𝑒𝑒𝑒𝑒
𝑒𝑒𝑒𝑒𝑒𝑒

𝐶𝐶
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝐾𝐾𝛻𝛻2𝑇𝑇 −

ℎ
𝑑𝑑 𝑇𝑇 − 𝑇𝑇0 + 𝜎𝜎𝑛𝑛

𝜕𝜕𝑨𝑨
𝜕𝜕𝜕𝜕 + 𝛻𝛻𝜑𝜑

2

+ 𝜈𝜈𝑡𝑡𝑡
𝑒𝑒𝑒𝑒𝑒𝑒

𝑓𝑓 𝑇𝑇 =
1 − 𝑇𝑇

𝑇𝑇𝑐𝑐

2

1 + 𝑇𝑇
𝑇𝑇𝑐𝑐

2

𝑔𝑔 𝑇𝑇 = 1 +
𝑇𝑇
𝑇𝑇𝑐𝑐

2 −2

First gTDGL equation:

Second gTDGL equation:

Current conservation law:

Equation of thermal balance:
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o External potentials? 
o in order to simulate effects of pulsed excitations

𝜈𝜈𝑒𝑒𝑒𝑒
𝑒𝑒𝑒𝑒𝑒𝑒 , 𝜈𝜈𝑡𝑡𝑡

𝑒𝑒𝑒𝑒𝑒𝑒

What other experimentally relevant parameters can be taken into 
account?

Jelic et al. Sci. Rep. 5, 14604 (2015)
Jelic et al. Sci. Rep. 6, 35687 (2016)
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o External potentials? 
o in order to simulate effects of pulsed excitations
o In order to simulate effects of LTSLM, STM, SNSPD…

𝜈𝜈𝑒𝑒𝑒𝑒
𝑒𝑒𝑒𝑒𝑒𝑒 , 𝜈𝜈𝑡𝑡𝑡

𝑒𝑒𝑒𝑒𝑒𝑒

What other experimentally relevant parameters can be taken into 
account?

I. Veshchunov et al., 
Nat. Comm. 7, 12801 (2016)

Junyi Ge et al., 
Nat. Comm. 7, 13880 (2016)

T. Cren et al.,
Phys. Rev. Lett. 107, 097202 (2011)
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Gating by an STM tip
Cren et al., Phys. Rev. Lett. 107 (2011)

8 ML Pb island

Collaboration Cren, Roditchev, Brun @INSP, UPMC
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Gating by an STM tip
Work function difference, albeit 
screened, sufficient to locally 
change coherence length by 30%!

Ti
p 

po
si

tio
n

9 ML Pb
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